Rejective subcategories of artin algebras and orders ^ 

OSAMU Iyama 

Abstract. We will study the resolution dimension of functorially finite subcategories. The subcat- 
egories with the resolution dimension zero correspond to ring epimorphisms, and rejective subcategories 
correspond to surjective ring morphisms. We will study a chain of rejective subcategories to construct 
modules with endomorphisms rings of finite global dimension. We apply these result to study a function 
TA : mod A N>o which is a natural extension of Auslander's representation dimension. 

In the representation theory of artin algebras and orders, it often plays an important 
role to study certain classes of subcategories of the module category. Typical examples 
are given by subcategories induced by morphisms of rings (§1.3), and subcategories 
induced by cotilting modules (§1.4). These subcategories are functorially finite in the 
sense of Auslander-Smalo [ASl]. One object of this paper is to study functorially finite 
subcategories from the viewpoint of its resolution dimension (§1.1). The subcategories 
of resolution dimension zero is often called bireflective [St], and we shall show that 
they correspond to ring epimorphisms (§1.6.1). We shall introduce a special class of 
bireflective subcategories called rejective subcategories (§1.5), which was well-known in 
the representation theory of orders and recently played a crucial role in the study of 
representation-finite orders [11,2] [Rul, 2]. They correspond to factor algebras of artin 
algebras, and overrings of orders (§1.6.1) which are non- commutative analogy of the 
normalization in the commutative ring theory. 

Another object of this paper is to study certain chains of rejective subcategories 
called rejective chains (§2.2), which give a method to construct rings of finite global 
dimension (§2.2.2). Recently, rejective chains were applied to give positive answers to 
two open problems in [13,4]. One is Solomon's conjecture on zeta functions of orders 
[SI, 2], and another is the finiteness problem of the representation dimension of artin 
algebras [Al][Xil] (see §4.1.1). We shall formulate these construction of rejective chains 
by using a certain functor (§2.3). Typical examples are given by preprojective partition 
of Auslander-Smalo [AS2,3], and Bass chains of Drozd-Kirichenko-Roiter [DKR] and 
Hijikata-Nishida [HN] (§2.3.4). It was first observed by Dlab-Ringel [DR4] that certain 
chains of subcategories are related to quasi-hereditary algebras, introduced by Cline- 
Parshall-Scott in the representation theory of Lie algebras and algebraic groups [CPS1,2]. 
In §3, we shall study the relationship between rejective chains and quasi-hereditary 
algebras (§3.5.1), and calculate the global dimension of rings with rejective chains (§3.3). 
We shall also relate neat algebras of Agoston-Dlab-Wakamatsu [ADW]. 

^2000 Mathematics Subject Classification. Primary 16E10; Secondary 16G10, 16G30 



1 



In §4, wc shall generalize the concept of the representation dimension of artin algebras 
to orders over complete discrete valuation rings. We can apply the results in previous 
sections to study the representation dimension of artin algebras and orders, since it equals 
to the resolution dimension of finite subcategories (§4.1.2). The representation dimension 
of artin algebras was introduced by M. Auslander [Al] as a homological invariant to 
measure how far an artin algebra is from being representation-finite. We shall introduce 
a function r\ for an artin algebra or order A, whose value at A © DK equals to the 
representation dimension (§4.1). Our ta would give us much more information, and would 
be quite natural concept in Auslander's philosophy, the homological approach to the 
representation theory. Although rep. dim A does not distinguish tame hereditary algebras 
and wild hereditary algebras (§4.1.4), we shall show that the supremum of r\ determines 
the representation type of hereditary algebras (§4.6.3) as an application of Rouquier's 
result on exterior algebras (§4.6). Moreover, we shall show that the value of r\{K) is 
closely related to the reflexive-finiteness of A (§4.7.2). In §5, we shall study ta under 
finite equivalences. We shall generalize the recent result of Xiangqian [X], any stable 
equivalence preserves the representation dimension, by using the relative Auslander- 
Reiten theory introduced by Auslander-Solberg [ASo]. 

Some results in this paper was announced in [15] without proof. 

0.1 Notations In this paper, any module is assumed to be a left module. For a ring 
A, we denote by Ja the Jacobson radical of A, and by Mod A (resp. mod A, prA) the 

category of (resp. finitely generated, finitely generated projective) A-modules. Mainly 
we shall treat two kinds (1) and (2) of rings below, where it is well-known that their 
representation theory have many common aspect [A2][Y]. 

(1) Let i? be a commutative local artinian ring and E the injective full of the simple 
i?-module. An i?-algebra A is called an artin R-algebra if it is a finitely generated R- 
module. We have the duality D := Homij( , E) : mod A ^ mod A"**. Let in A := Dpr A°p 
be the category of injective A-modules. 

(2) [CR][Re] Let Rhe a. complete discrete valuation ring with the quotient field of K. 
An i?-algebra A is called an R-order if A e pr R. Then A forms a subring of a finite 
dimensional X-algebra A := A K. For an i?-order A, a left A-module X is called a 
A-lattice if X e pri?. We denote by latA the category of A-lattices. We have a functor 
():=() (S>R : lat A ^ mod A, and we have the duality D := B.omji[ ,R) : latA •(-^ 
lat A°^. We call in A := Dpr A"^ the category of injective A-lattices. 

Let A and F be i?-orders and : A — > F a morphism of i?-algebras. We call F an 
averring of A if Cok0 is an i?-torsion module. An overring F of A with Ker0 = is 
called an overorder. An overorder of A can be regarded as a subring of A containing A, 
and an overring of A can be regarded as a subring of A/ J containing (A + J)/J for an 
ideal / of A. An order is called maximal if it has no proper overorder. It is well-known 
that maximal order is hereditary. 

0.2 Notations Let C be an additive category, C{X, Y) := Homc(X, F), and fg the 
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composition of / G C{X, Y) and g G CiY, Z). Throughout this paper, any subcategory is 
assumed to be full and closed under isomorphisms, direct products, direct sums and direct 
summands. We denote by Jq the Jacobson radical of C- For a collection S of objects 
in C, we denote by add 5 the smallest subcategory of C containing S. We call X E C 
an additive generator of C if addX = C- We denote by [S] the ideal of C consisting of 
morphisms which factor through some object in S. For an ideal / of C- a factor category 
C/I oi C is defined by ob(C //) = obC and C/I{X,Y) := C{X,Y)/ I{X,Y) for any 
X,Y e C- We call C Krull-Schmidt if any object is isomorphic to a finite direct sum of 
objects whose endomorphism rings are local. We denote by indC the set of isoclasses of 
indecomposable objects in C- 

A C-fnodule is a contravariant additive functors from C to the category of abelian 
groups. We denote by ModC the category of C-modules, where {Mod C){M, M') consists 
of the natural transformations from M to M'. Then ModC forms an abehan category. 
By Yoneda's Lemma, C{ , X) is a projective object in ModC- We call M G ModC finitely 
presented if there exists an exact sequence C{ ,Y) ^ C{ , X) M ^ 0. We denote by 
mod C the category of finitely presented C-modules. 

0.3 Definition Let A be an artin algebra or order (0.1). For simplicity, we often 
put M\ := mod A if A is an artin algebra, and 9JIa := lat A if A is an order. We call A 
representation-finite if indSJlA is a finite set. Now let C be a subcategory of ^Sl\. We call 
C closed under submodules (resp. factor modules) if X G C (resp. Z G C) holds for any 

exact sequence O-^X-^Y^Z^Oin mod A with y G C and X,Z E Ma- We call 
C closed under extensions if F G C holds for any exact sequence 0—^X^Y^Z—^O 
in mod A with X, Z E C- We call C closed under images (resp. kernels, cokemels) if 
Im / G C (resp. Ker f E C, Cok / G C) holds for any f ECiX,Y). 

1 Approximation and Rejective subcategories 

1.1 Definition (1)[AS1] Let C be an additive category and C' a subcategory of C- 

We call / G dY, X) a right C' -approximation of X if F G C' and Ci ,Y) ^ Ci , X) ^ 

is exact on C', or equivalently, C{ ,Y) ^ [C']( ,X) ^ is exact on C (0.2). We call 
C' contravariantly finite if any X E C has a right C'-approximation. Dually, a left C'- 
approximation and a covariantly finite subcategory are defined. We call C' functorially 
finite if it is contravariantly and covariantly finite. 

We call a subcategory C' of C finite (resp. cofinite) if C' (resp. C /[C]) has an additive 
generator (0.2). If A is an artin algebra or order in a semisimple algebra, then any finite 
(resp. cofinite) subcategory of Ma is functorially finite [ASl]. 

(2) Assume that an additive category C has kernels and cokernels, and C' is a con- 
travariantly finite subcategory of C- Then any X E C has a right C' -resolution, which 

is a complex > Y2 ^ Yi ^ Yq ^ X in C such that G C' and > C{ , Y2) ^ 

C( ,Yi) '-^ C{ ,Yo) C{ , X) ^ is exact on C'- We denote by Q^,A: the kernel of 
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fn-1- Wc write C'-resol.dimX < n if X has a right C'-resolution with Yn+i = 0. We 
call C'-resol.dimC := sup{C'-resol.dimX \ X E C} the right resolution dimension of C'-^ 
Dually, a left C' -resolution, Q'^,opX, C'^^-resol.dimX and C'^f-resoLdimCf are defined. 
When C is KruU-Schmidt, we call a right (left) C'-resolution minimal if any /j is in 
(0.2). One can easily show that any X G C has a minimal right (left) C'-resolution, 
which is unique up to isomorphisms of complexes. 

1.1.1 Proposition Let C and C' be in 1.1(2). 

(1) C'-resol.dimX = pd^,, C( ,X) anc? C' "^-resol. dim X = pd(^/opC(X, ) hold for any 
X e C- Thus < gl.dim(modC') - C'-resol.dimC < 2 and < gl.dim(modC"'^) - 
C"'P-resol.dimC°^' < 2 hold. 

(2) If any X E C is a kernel (resp. cokernel) of some f G C'(Y, Z), then C' -tcsoI. dim C — 
max{gI.dim(modC') — 2,0} (resp. C'°^-resol.dimC°^ = max{gl.dim(modC' "'*') — 2,0}). 

(3) IfC = SflA for an artin algebra or order A andC' is a functorially finite subcategory 
of C, t/ien gl. dim (mode') = gl.dim(modC' "'*')■ 

Proof (1) Since any right C'-resolution of X corresponds to a projective resolution 
of C{ , X) in mode', the former assertion follows. For any M G modC', take a projective 

resoution C'{ ,Y) ^ C\ ,X) ^ M ^ Q. Then pd^, M < C'-resol.dim Ker / +2 holds. 

(2) Since ^ C'{ ,X) C'{ ,Y) ^ C'{ ,Z) is exact, we have C'-resol.dim X = 
pd(j/C( ,X) < max{gl.dim(mod C') — 2,0}. Thus the assertion follows from (1). 

(3) We only show the artin algebra case since the order case is similar. We have a 
natural duality ModC ^ ModC°^ defined by {DM){X) := D{M{X)). Since C forms a 
dualizing variety by [AS1;2,3], we have an induced duality D : modC modC"^- Thus 
the assertion foUows.l 

1.1.2 The following is an immediate consequence [Al]. We shall use it in 4.1.2 again. 

Corollary Let A be an artin algebra or order, and C a functorially finite subcategory 
of Ma. Then C^^-resol.diman^ > max{gl.dim(modC) -2,0} < C-resoLdimOJlA holds, 
where the left (resp. right) equality holds if A E C (resp. DA E C)- 

1.1.3 Theorem Let A be an artin algebra or order, C a contravariantly finite subcat- 
egory ofOJlA such that A G C and^j^ :— Tl\/[C]. For any M G mod^^, take a projective 

resolution , Z) 4- m^i , Y) ^ ,X) ^ M of M in modDJlA. Then a 

projective resolution of M in mod is given by the sequence below. 

• • • ^ Ma( , nlX) ^ Ma( , UcZ) ^ Ma( , ^cY) Ma( , ^cX) ^ 

Ma( , ^) Ma( , >") ^ Ma( , ^) ^ M ^ 



^Whcn C = mod A, Sikko [Si] denote C'-resol.dimC by gl.dim(C', A). In this paper, we shall use the 
notation C'-resol.dim X in [ABu] to consider arbitrary additive category C- 
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Proof One can easily show that Ma( , Z) ^ Ma( ,Y) ^ Ma( ,X) ^ M ^ Q 
is exact (e.g. [I2;II.1.3(4)]). By M{C) = and A G C, we can take the following 
commutative diagram, where / is a right C-approximation of X. 

> Z — — ^X ^0 

T T II 
>ncX >w — ^x ^0 

Taking the mapping cone, we have an exact sequence — > Q^^X ^ Z (BW Y ^ 0. 

Thus MAi ,^cX) 971a( , Z ® W) ^ 9JIa( ,Y) ^ M' ^ Q gives a projective 
resolution of M' G modM^- The assertion follows inductively.l 

1.1.4 By 1.1.2, C-rcsol.dim Ota gave the value of gl.dim(modC) for the subcategory 
C- Now 1.1.3 implies that C-resol.dim9JlA also gives an upper bound of the value of 
gl.dim(mod^^) for the factor category 

Corollary Let A be an artin algebra or order, and C a contravariantly finite subcat- 
egory o/£DTa such that A E C- Then gl.dim(mod^A) ^ 3(C-resol.dim9JlA) — 1 holds. 

1.2 Definition Let C be an additive category. Recall that a subcategory C' of C is 
called coreflective (resp. reflective) if the inclusion functor C' — > C has a right (resp. left) 

adjoint [St][HS]. Then C' is a coreflective (resp. reflective) subcategory of C if and only if 
C'-resol.dimC = (resp. C' °^-i'esol.dimC°'' = 0) holds. We often denote by ( )~ : C — ^ C' 
(resp. {)^ : C ^ C') the right (resp. left) adjoint functor of the inclusion functor C' — ^ C, 

and by (resp. e+) the counit (resp. unit). Then X~ X (resp. X -4- X^ 0) 
gives a right (resp. left) C'-resolution of X G C. We call C' bireflective if it is reflective 
and coreflective. 

Proof Since 'only if part follows from 1.2.1(1) below, we shall show 'if part. Fix 

f. 

a G C{Xi,X2). Let — > 1^ be a right C'- resolution for i = 1, 2. It is easily checked 

that the functor ( )~ : C — > C' is deflned by X~ :— Yi and a~ G C'{Yi, Y2) is the unique 

morphism such that 0^/2 = fia. Since C'{ ,Yi) C{ ,Xi) is an isomorphism on C', we 
obtained a right adjoint functor ( )~ of the inclusion functor C' — > C-l 

1.2.1 Proposition Let C and T> be additive categories. Assume that ¥ : C ^ T> is a 

left adjoint of G : V ^ C with the unit and the counit e~ . 

(1)[AR2;1.2] V' := addFC is a contravariantly finite subcategory of T) and ey : 
F o GjY Y gives a right T>' -approximation ofYET>. Thus Y is contained in T>' if and 
only if ^ ^V^^^ epimorphism. IfW is full, then T>' is a coreflective subcategory ofT). 
Dually, C' '■— addGD is a cavariantly finite subcategory of C and e J : X — > Go FX gives 
a left C' -approximation of X E C- Thus X is contained in C' if and only if e'x is a split 
monomorphism. If G is full, then C' is a reflective subcategory ofC- 
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(2) Let C' a subcategory of C and T>' a subcategory of T> such that ¥C' ^ J)' and 
GD' C C' ■ Assume that e+ is an isomorphism on C' and is an isomorphism on V' ■ 
(i) If C' is a contravariantly finite subcategory of C, then V' is that of V- For 

Y e V, if ■ ■ ■ ^ X2 ^ Xi h GY is a right C' -resolution of GY , then • • • ^ FXi ^ 

VXq — >^ Y is a right T>' -resolution ofY. Thus D'-resol.dimP < C'-resol.dimC holds, 
(a) IfV' is a covariantly finite subcategory ofV, then C' is that of C- For X & C, 

ifWX^Yo^Y^^---isa left V' -resolution ofWX, then X GFq ^ GY, ^ ■ ■ ■ 
is a left C' -resolution of X . Thus C'^^-resol.dimC^f < P' °P-resol.dim holds. 

Proof Let rjxx '■ C{X,GY) V{¥X,Y) be a functorial isomorphism for X e C 
and y e D. Then the following diagram is commutative. 

C{X,GY) X C{GY,GY) >C{X,GY) 



VX,Y 



V{¥X, ¥ o GF) xD(F o GY, Y) >V{¥X, Y) 



(l)(ii) Since ey = VGyxC^Gy) , the map V{¥X,¥oGY) -X 'D{¥X,Y) is surjective. It 
is bijcctive if F is full. 

(2)(i) Take a e V{Z, Y) with Z e V' . Then there exists b such that Ga = bfo. Then 
Fo G(a) = F(6)f(/o) holds. Since the left diagram below commutative, a factors through 
F(/o)ey- 




FoGZ ) Z GZ 



We notice here that F(e^)e]p^ = holds by the following commutative diagram. 

i^x, IGoFx) e C{X, G o ¥X) XC{G o FX, G o ¥X) >C{X, G o ¥X) 3 e\ 

\ ^ j''GoFx,Fx i^^.Fx j 

(FeJ, ep^) e X>(fX, F o G o FX) xX'(F o G o FX, ¥X) > X>(fX, ¥X) 3 Ijr^ 



For n > 0, we will show that X)( ,FX„+i) X>( ,FX„) ^ p( ,FX„_i) is exact 

on V'. Take a e V{Z, FX„) with Z e V' and aF(/„) = 0. Then G(a)G o f(/„) = 
implies G(a)(eJ^)~^/„ = holds. Thus there exists b which makes the right diagram 
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below commutative. Since the left diagram below commutative, a factors through F/„+i. 




¥oGZ ) Z GZ 



We can show that X)( , WXi) '-^ T>{ , VXq) T>{ , Y) is exact on V' by a quite 

similar argument, where we may replace the right diagram above by the following one. 



Xn ^° ) GY 




GZ I 



1.3 Let : A ^ r be a morphism of rings. We denote by 0* : ModF Mod A 
the natural induced functor. Then 0* has a left adjoint r®A : Mod A ModF with 
an unit e"*" and a counit S~, which are defined byej^ :=0®1 : X ^ T ^\ X for 
X e Mod A and 5y T ^^Y ^ Y , dyi'y ® y) := for Y e ModF. Dually 0* has a 
right adjoint HomA(F, ) : Mod A — > ModF with a counit e~ and an unit which are 
defined by := (0-) : HomA(F,X) ^ X ior X e Mod A and 5^ : Y ^ HomA(F,y), 
5+(y)(7) := 7y for Y e ModF. 

(1) Define a (A, A)-module by an exact seqeuence A F A (7^ — > 0. We have 
the associated complexes below given by df{xi ®X2®---®Xi) := l®a[xi) ®X2®---®Xi 
and dl{xi ® ■ ■ ■ ® Xi^i ® Xi) := Xi ® ■ ■ ■ ® Xi^i ® a{xi) ® 1. 

x+ : ^ A ^ r ^ r 0A c<A ^ r (g)A C0 (g)A C0 ^ r ®A c<A (8)A C0 ®A c<A ^ • • • 
: -> A r ^ ®A r ^ ®A ®A r ^ ®A ®A ®A r ^ • • • 

(2) Define a (F, F)-module by an exact seqeuence — > F (g)A F A F — 0, 
where c is the multiplication map. We have the associated complexes below given by 
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ef{xo ® xi O • ■ ■ (g) Xi) := b{xoXi) ® ■ ■ ■ ® Xi e T ®aT Df'^ = T (g)A Df'^ and 
e7(xo Xi_x ®Xi):=Xo®---® h{xi_iXi) e Df-^ ®r T ® a T = Df-'^ ®a T. 

Y+ : . r ®A ®r £'<^ <^r £'<^ ^ r ®A i^,^ <^r ^".^ ^ r ®A £'<^ ^ r ®A r A r ^ 

: . ®r £>0 ®r £'0 ®A r ^ 0r ®A r ^ ®A r ^ r (g)A r A r ^ 

1.3.1 Theorem Let (p : A ^ T be a morphism of rings. Then the assertions below 

hold, where we can replace Mod by mod if A and T are artin algebras. 

(1) := add0*(Modr) is a functorially finite subcategory o/ModA. A left and 
right X^p-resolutions of X & Mod A are given by X and HomA(X^,X) below 

respectively, where n'^opX = C^"" ®a X and Q'^^^X = HomA(C^", X) hold. 

X ^Fi^aX ^ r (8)a (8)a ^ ^ r (8)A (8)A <8)A X ^ • ■ • 

. HomA(C^ 0A r, X) ^ HomA(C^ ®a T, X) ^ HomA(r, X) ^ X 

r^y' •= addHomA(r, Mod A) is a covariantly fimte subcategory o/ModF. A left 
-resolutions ofYE ModF is given by an exact sequence Homr(Y^,F) below, where 
n" + „,F = Homr(D^",F) holds. 

Q^Y ^ HomA(r, Y) ^ Yioint,{D^, Y) ^ HomA(I?0®rl?0, Y) ^ YLoinp,{D^®rD^®rD^, Y) 

(3) := addr ®x (Mod A) is a contravariantly finite subcategory o/ModF. A 
right -resolutions ofYE ModF is given by an exact sequence (8)r Y below, where 
ill-Y = Df" (^rY holds. 

> D^(^rD^(^r Oa Y Or ®a Y ®a Y T (^aY -^Y ^0 

(4) For any Y G ModF, 0*(L>^" 0r Y) = C^" ®a (I>*Y and 0* Homr(L>^", Y) = 
HomA(C^'',(/>*Y) hold. 

Proof (1)(2)(3) All assertions follow immediately from 1.2.1(1), where the exactness 
of the sequence in (2) (resp. (3)) follows from the fact that c : F (8)a F ^ F is a split 
epimorphism of left (resp. right) F-modules. 

(4) Since ej^.y^y = 1 holds, we obtain 0*(-D0 ®r Y) = 0*Ker(5y = CokeJ*y = 
C*,/, (8)a 0*Y. Thus the assertion follows inductively.l 

1.4 Another well-known example of functorially finite subcategories is given by 
Auslander-Buchweitz theory [ABu] and its apphcation to the cotilting theory [ARl]. Let 
A be an artin algebra and T a cotilting A-module with idA T < n. Then the Auslander- 
Buchweitz theory imphes that At := G mod A | ExtA(-^, T) = for any i > 0} is a 
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contravariantly finite subcategory of mod A. More precisely, we sliall sliow tlie following 
theorem. 

1.4.1 Theorem Let A, T, Xt andn be those in (l)-(3) below. Then Ar-resol.dim (mod A) = 
n, Ar^-resol.dim (mod A°^) = max{n— 2, 0} andn < gl.dim(mod At) = gl.dim(mod A't^) < 
max{n, 2} hold. 

(1) A is an artin algebra, T is a cotilting A-module with 'k^^T — n and Xt '■— {X G 
mod A I Ext\(X,T) = for any i > 0}. 

(2) A is an order, T := DA, At := lat A and n := 1. 

(3) A is an n-dimensional commutative local noetherian ring with a dualizing module 
T and Xt is the category of maximal Cohen-Macaulay A-modules. 

Proof We only prove (1) since essentially (2) and (3) are special cases of (1). 

(i) If there is an exact sequence — > C„ — > '^^^ • • • — > A — > Cq ^ 
with Xt, then C„ e At- 

Putting Ci := Ker/,j_i, wc obtain an exact sequence Cj — > Cj_i — > 0. 
Since idAT = n and Xi E Xt, we obtain Ext\(C„,r) = Ext)^^(Cn-i,T) — ••■ — 
Exti+"(Co, T) = for any i > 0. Thus C„ G Xt holds. 

(ii) For any C e mod A, take a Ar-resolution — > ^^^C — > X^-i 

Xo ^ C ^ 0, which is exact by A e Xt- Then llJj,C e Xt holds by (i). Thus 
AT-resol.dim (mod A) < n holds. If ^^^.C = holds, then the exact sequence — > 
Xn-i ^ ■ ■ ■ ^ Xo ^ C with Xi e Xt imphes Ext^(C,r) = 0. Thus idA^ = n 
implies Ar-resoLdim (mod A) = n. 

(iii) We will show AfT^-resoLdim (mod A°^) < m :— max{n — 2,0}. Then our proof 
completes since n < gl.dim(mod At) = gl.dim(mod A't^) < A'T^-resol.dim (mod A°^) +2 
holds by 1.1.1(1)(3). 

Put r := EndA(T). Then T is a cotilting F^^-module with idpT = n [M]. Put 
At := {X e mod r°P | Ext^(X, T) = for any i>0}. Then Xt -resol.dim (mod P^^) = n 
holds by (ii). We have functors F := HomA( ,T) : mod A — > modP"^ and G := 
Homrop( ,T) : modP"^ — > mod A, which induce equivalences between At and Xt- 
Since wc have a functorial isomorphism B.omj>^{X,GDY) = IIom(A,r)(-^ ®z DY,T) — 
Romrop{DY, HomA(X, T)) = Homr(L'FX F), D o F is a left adjoint of GoD. 

For any X e mod A, take a projective resolution A' — > A^ — > X — > 0. Then we 
have an exact sequence ^ FX ^ T'^ ^ of r°^'-module. Then Q^, FX e A't and 

A'T-resol.dimFX < m hold by (i)(ii). Thus 1.2.1(2) implies Ar^-resol.dim X < m.l 

1.4.2 Let A be an artin algebra and An := addr2"(mod A). Auslandcr-Rcitcn [AR2,3] 
has shown that Xn is a functorially finite subcategory of mod A for any n. If Xn is closed 
under extensions, then there exists a cotilting A-module T with idA^ < n such that 
At = Xn [ARl]. Thus wc immediately obtain the corollary below, where the first 
inequality was obtained by Sikko [Si] . We notice that n-Gorenstein algebras satisfy that 
An is closed under extensions. 
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Corollary Let A be an artin algebra and Xn '■= addi7"'(mod A). If Xn is closed under 
extensions, i/ien AVt-resol.dim (mod A) < n, A'^^-resol.dim (mod A"^) < max{n — 2, 0} 
anc? gl.dim(mod AW) = gl.dim(mod A'^^) < max{n, 2} hold. 

1.5 Definition (1) A subcategory C' of an additive category C is called right (resp. 
left) rejective [12,4] if the following equivalent conditions are satisfied (cf. 1.2). 

(i) Any X ^ C has a monic right (resp. epic left) C'-approximation. 

(ii) The inclusion functor C' ~^ C has a right (resp. left) adjoint with a counit e~ 
(resp. unit e"*") such that is monic (resp. ej^ is epic) for any X G C- 

In this case, ex (resp. ej^) gives a monic right (resp. epic left) C'-approximation of 
X e C hy 1.2. We call C' rejective if it is left and right rejective. Any right (resp. left) 
rejective subcategories are coreflective (resp. reflective), but the converse does not hold 
in general (sec 1.6.1). 

(2) Let C be a Krull-Schmidt category. We call C semisimple if = holds. We call 
a subcategory C' of C cosemisimple if C /[C'] is semisimple, namely, any non-invertible 
morphism in C between indecomposable objects factor through an object in C'- 

1.5.1 Let C' be a subcategory of a Krull-Schmidt category C- Then C' is cosemisimple 
right rejective if and only if, for any X e indC\indC', there exists a morphism / e 
C{Y, X) such that Y e C' and C{ ,Y) ^ Jc{ , X) is an isomorphism on C- 

Proof Notice that C' is cosemisimple if and only if [C']{ ,X) — Jc{ ,X) holds 
for any X G indC\indC'. Thus 'only if part follows. Similarly, 'if part follows from 
Je{ ,x) =c( ,r)/ C [C']( ,X) C Jc{ ,X).I 

1.5.2 Proposition Let A be an artin algebra or order, and C a subcategory of 
Ma. Then C is a right (resp. left) rejective subcategory of Tl\ if and only if C is 
closed under factor modules (resp. submodules) in the sense of 0.3. In this case, if 
C is covariantly (resp. contravariantly) finite, t/ien C^^-resol.dim (mod A"^) < 1 (resp. 
C-resol.dim (mod A) <1). 

Proof We shall show 'if part. For X e 9JIa, put X~ := Eyec, f enom AiY,x) f{Y). 
Since X~ is a factor module of some module in C, we obtain X~ e C- Thus the natural 
inclusion X~ — > X is a monic right C-approximation of X. Wc shall show 'only if part. 
Let / : X ^ y be a surjection with X G C and Y G Tl\. Then / factors through the 
monic right C-approximation ey of Y. Thus ey is bijective and Y E C holds. The latter 
assertion is immediate.l 

1.5.3 Example Let A be an artin algebra and (T, J^) a torsion theory on mod A [Ha]. 
Then T is a right rejective and is a left rejective subcategory of mod A by 1.5.2. For 
example, for a classical cotilting A-module T, T '■= {X G mod A | HomA(X, T) = 0} is 
right rejective and T°^-resol.dim (mod A"^) < 1, and := {X G mod A | Extj^(X, T) = 
0} is left rejective and ^-resol.dim (mod A) < 1 (cf 1.4) [As]. 
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1.6 Definition (1) Let </> : A — > F be a morphism of rings. Recall that the following 
conditions are equivalent [St]. 

(i) (f) is an epimorphism in the category of rings. 

(ii) 0* : Modr ^ Mod A is full. 

(iii) = 0, i.e. the multiplication map F (E)a F ^ F is bijective. 

In this case, we can identify ModF with the subcategory Xf^, of Mod A. Moreover, 
is a right rejective subcategory of ModF and is a left rejective subcategory of ModF 
by 1.3.1(2)(3). Any surjective ring morphism is epic, but the converse does not hold in 
general. For example, the natural inclusion q ^ ^ — > M2(^) is an epimorphism. 

(2) We call a morphism : A — * F of artin algebras quasi-split if mod A = add 0*(mod F). 

(i) If is quasi-split, then it splits as a morphism of right (resp. left) A-modules. 

(ii) If 4> splits as a morphism of two-sided A-modules, then it is quasi-split. 

(3) Let 0j : A — > Fj = 1, 2) be ring morphisms. We identify 0i and 02 if there 
exists a ring isomorphism ^0 : Fi — > F2 such that 0i = -0 o -02. Notice that there exists a 
ring morphism : Fi — > F2 such that 0i = "0 o ^02 if and only if there exists a functor 
F : ModF2 ModFi such that 0^ o F is isomorphic to 02. 

Proof (l)(iii)^(ii) HomA(0*X, 0*y) = Homr(F ®a 0*X, Y) = Homr(F ®a F ®r 
X,Y) = Homr(X,r). 

(ii)=^(i) Let -02 : F — >■ A (i = 1, 2) be ring morphisms such that -01 o = ^02 o 0- Then 
the identity map on A is contained in HomA(0*(0J'A), 0*(02A)). Since this equals to 
Homr('0tA, 0)2^), we obtain ■0i = 02- 

(1) =^>(iii) Put A := ( )■ Let : F ^ A (i = 1, 2) be the morphism of rings 

defined by 0»i(x) = ( g 2 ) and 02(^) = ( § ^^^^^^^ ). Since 0i o = ^2 o holds, we 
obtain -01 = 02- Thus x ® 1 = 1 (E) x holds for any x G F, so we obtain F (S>a F = F. 

(2) (i) We only have to put X = A (resp. X = DA) in 1.2.1(1). 

(ii) Assume that a e Hom(A,A)(r, A) satisfies 0a = 1. Then ej(a ^ Ix) = Ix holds 
for any X e mod A. Thus is a split monomorphism, and X e add 0* (mod F) holds. 

(3) We only have to construct from F. 

(i) Assume that F, = F (i = 1,2) and 0^ is isomorphic to 02. Then there exists an 
inner automorphism -0 of F such that 0i = o 02. 

Let q; : 0J — > 02 be an isomorphism. Then / := ap G HomA(0iF, 02F) makes the 
following diagram commutative for any 7 e F. 

0*r^^0;F 

r r 

0*r— ^0;f 

Since /(7'7) = /(7')7 holds for any j' G T, f E Endrop(F). Thus there exists a e F 
such that / = (a-). Then a is a unit of F such that a0i(A) = 02(A)a holds for any A e A. 
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(ii) We shall show the assertion. Since F is an exact functor, we can take a (r2, Fi)- 
bimodule P such that P G prr2 and F = Homr2(-P, )• Since the identity functor is 
isomorphic to Homr2(-P, ) as a functor from Modr2 to the category of abehan groups, 
P is isomorphic to r2 as a r2-module by Yoneda's lemma. Thus the right action to P 
induces a ring morphism ip -.Ti ^ Endr2(-P) = r2 such that F is isomorphic to ijj. Then 
(pl is isomorphic to {ip o 02)*- Thus the assertion follows from (i).l 

1.6.1 Theorem Let A be an artin algebra and C a subcategory of mod A. 

(1) The conditions below are equivalent, and there exists a bisection between rejective 
subcategories o/modA and factor algebras of A. 

(i) C is a rejective subcategory o/modA. 

(ii) C = X4, '■= 0*(modr) for a surjective ring morphism : A — > F. 
(Hi) C is closed under submodules and factor modules. 

(2) The conditions below are equivalent, and there exists a bijection between birefiec- 
tive subcategories of mod A and ring epimorphisms from A to artin algebras. 

(i) C is a bireflective subcategory of mod A. 

(ii) C = X4, '■= 0*(modr) for a ring epimorphism (j) : A between artin algebras. 
(Hi) C is functorially finite, and closed under kernels and cokernels. 

Proof By 1.6(3), we only have to show the equivalences of conditions. 
(l)(ii)=^(iii) Put r = A/I for an ideal / of A. Then X e modA is contained in if 
and only if IX = 0. Thus the assertion follows. 

(iii) =^(i) Immedaite from 1.5.2. 

(1) =^(ii) Take a e A+ such that (-a) = : A ^ A+. Put P := EndA(A+). Taking 
HomA( ,A+), we obtain a bijection (a-) : EndA(A+) = P ^ HomA(A,A+) = A+. Thus 
a map : A — P is well-defined by xa = a(j){x) for any x E A. Obviously </> is a ring 
morphism. Since (a-) is a bijection such that (a-) o0 = (-a) = e^, we can replace the left 

approximation A A"*" of A by : A — * P. 

Since C is left rejective, = is surjective. For any X G X^j,, take a surjection 
p : P" — > X. Then p factors through the monic right C-approximation e]^. Thus 
is bijective and X e C holds. For any X e C, take a surjection p : A" — > X. Then 
p+ : F" — > X is also a surjection, and X e X<p holds. Thus C — Xcf,. 

(2) (ii)=^(i) Immedite from 1.3. 

(i)=^(iii) Let 0— s^XAy-^Zbean exact sequence in modA with Y, Z G C- Then 
there exists a' such that a = eja'. Since exa'b = ab = holds and Z G C, we obtain 
a'b — 0. Thus there exists a" such that a' — a"a. Now a — eja"a implies that e'x is a 
split monomorphism, so X G C. 

(iii)^(i) Take a minimal right C-approximation f :¥ ^ X. Let Q ^ Z Y ^ X 
be an exact sequence in modA. We only have to show that HomA( , F) = holds on C- 
Take a G HomA(M, Z) with M G C and consider the following commutative diagram of 
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exact sequences. 

> Z — — ^-^X 

M ) y — ^ L ^0 

Since L & C holds by our assumption, there exists c' such that c = c'f. Thus / = bc'f 
holds. Since / is minimal, be' is an automorphism of Y. Thus b is an isomorphism, and 
a — holds. 

(i)+(iii)=^(ii) By the argument in the proof of (l)(i)^(ii), : A — > A+ is given 
by a ring morphism : A — > F. For any X G modF, take a projective resolution 
F™ ^ F" ^ X ^ 0. Then (j)*X e C and X^, C C holds by (iii). For another Y e modF, 

HomA(A, = 0*F HomA(F, is an isomorphism by (f)*Y e C- Thus we obtain 
the following commutative diagram of exact seqeunces. 

> Homr(X,y) > > F"' 

J, J, J, 

>RomA{(f)*X, (f)*Y) ^HomA(r, >HomA(r, (f)*Y)"' 

Since the middle and right maps are isomorphisms, so is the left one. Thus 0* : 
mod F — > mod A is full, and is a ring epimorphism. 

For any X e C, take a surjection p : A" — > X. Then p+ : F" — > X is also surjection. 
Applying same argument to Kerp"*" G C, we obtain an exact sequence F"^ F" — > X — > 
for a e HomA(F™, F") = Homr(F"^, F"). Thus (f)*Y = X holds for the cokernel y of a in 
mod F. Hence C = holds.l 

1.6.2 Corollary Let (f) : A ^ T be a morphism of artin algebras and X<f, '■ = 
add 0* (modF). Then X4, is a bireflective subcategory o/modA if and only if 4> = 4>2 ° 4>i 
holds for a ring epimorphism 0i : A — > A and a quasi-split morphism 02 : ^ — T between 
artin algebras. 

Proof We only have to show 'if part. By 1.6.1(2), there exists a ring epimorphism 
01 : A — > A with an artin algebra A such that = X,j>- Since 0* : mod A — > mod A 
is full faithful, there exists a functor F : modF mod A such that 0* is isomorphic to 
(pl o F. Then the assertion follows from 1.6 (3). I 

1.6.3 We notice that 1.6.1(1) holds even if we replace mod by Mod. While the 
corresponding result of 1.6.1(2) for Mod A is the theorem below, where F in (ii) below 
is not necessarily an artin algebra. For example, the natural inclusion q '^^'"^ j — > 
M2(^[a^]) is an epimorphism. We shall omit the proof since it is shown by a parallel 
argument. The equivalence of (ii) and (iii) below were given in [GD]. 

Theorem Let A be an artin algebra and C a subcategory of Mod A. The conditions 
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below are equivalent, and there exists a bijection between bireflective subcategories of 
Mod A and ring epimorphisms from A. 

(i) C is a bireflective subcategory o/ModA. 

(ii) C = 0*(Modr) for a ring epimorphism : A — > F. 
(Hi) C is closed under kernels and cokernels. 

1.6.4 Let us consider an analogy of 1.6.1 for orders. For an overring F of A (§0.1), it is 
easily checked that 0* : modF mod A induces a full faithful functor 0* : latF — > lat A. 
Then 0* has a right adjoint dunctor ( )~ := HomA(F, ) : lat A — > lat F and a left adjoint 
functor ( )+ := F®a : lat A — > latF, where T^^X is a factor of F ® a ^ by its torsion 
submodule. We can prove the following theorem similarly (cf. [I2;II.5.3]). 

Theorem Let A be an order andQ a subcategory o/lat A. Then the conditions below 
are equivalent, and there exists a bijection between rejective subcategories of lat A and 
overrings of A. 

(i) C is a rejective subcategory o/lat A. 

(ii) C = 0*(lat F) for an overring : A — >• F of A. 

(Hi) C is closed under submodules and factor modules (^0.2). 

1.6.5 Let C be a KruU-Schmidt category. A subset of indC is called rejectable if 
it has the form S — indC\indC' for some rejective subcategory C' of C. It is a quite 
interesting problem to study rejectable subsets of DJl\ for an artin algebra or order A. 
There is a close relationship with Auslander-Reiten theory, and one can characterize 
finite rejectable subsets of 971a in terms of Auslander-Reiten quivers [11,2]. The simplest 
case is the lemma below of Drozd-Kirichenko [DK][HN;2. 2. 1,2.2.2], which characterizes 
one-point rejectable subsets of SDTa- 

Proposition Let A be an artin algebra or order, and X e mdTl\. Then {X} is 
rejectable if and only if X e pr Aflin A. Then the corresponding rejective subcategory of 
dJl\ is cosemisimple except the case A is an order such that A = F x A for some maximal 
order A with ind(lat A) = {-HI- 
PROOF Define a subcategory C of OJIa by indC = indS[)TA\{-^}- It is easily shown 
that C is closed under submodules (resp. factor modules) if and only if X G in A (resp. 
X G pr A). Thus the equivalence follows from 1.6.1(1) and 1.6.4. If J\X G C holds, then 
C is cosemisimple since any non-invertible endomorphism of X factors through JaX. If 
JaX ^ C, then A is an order and JaX is isomorphic to X. This imphes that A = F x A 
for some maximal order A with ind(lat A) = {X}. See the proof (ii) of 2.3.1(2).! 

1.7 An extremely interesting example of functorially finite subcategories is given by 
radical embeddings [EHIS], which also appeared in [N]. 

Theorem Let A C F &e artin algebras with Ja — Jt- 

(1) X^y '■— add 0* (modF) safe/ies A'</,-resol.dim (mod A) < 1 anc? A'^^-resol.dim (mod A°^) < 
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1. 

(2) := addHomA(r, mod A) and := addF ®a (mod A) coincide with modF. 

(3) (j)* induces a full faithful functor C' ■— modF/ [mod F/Jp] C ■— mod A/ [mod A/ Ja], 
and C' forms a rejective subcategory ofC- 

Proof We shall use the notations in 1.3. We only show the right-hand side assertion. 

(1) Since C^Ja = holds, JAHomA(C^,X) = holds for any X G mod A. Hence 
HomA(C^,X) e addA(A/JA) C addA(F/Jr) C X4, implies A^-resoLdim (mod A) < 1 by 
1.3.1(1). 

(2) (3) A F-module is semisimple if and only if it is semisimple as a A-module. For 
any X e mod A, we have the following commutative diagram of exact sequences, where 
the upper sequence is a ^'./.-resolution and we put X~ :— HomA(F,X). 

>Romj^{C^,X) > X- X 

II u'' 

(*) >}iom\{Ctp,X) ^socX" ^socX 

Since a factors through ex by socX G A*,/,, the sequence (*) is split exact, and 

the diagram is pull-back. We shall show (2). By 1.3.1, we have an exact sequence 

s+ 

^ Y Y Homr(-D^,F) for any Y G modF. The induced sequence 

socF socF~ — s> Homr(-D<^,F) should be split exact since lengthy 0* Homr(-D^, F) ~ 
lengthy HomA(C^, = length^^^ socl""— lengthy so cF holds by (*) and 1.3.1(4). Thus 
(5y : y — > Y~ is also a split monomorphism. 

We shall show (3). Fix any X G mod A and Y G modF. Assume that g G 
Homr(l^,X~) corresponds to / G B.om\{(f)*Y, X) . Then / factors through modA/JA 
if and only if / factors through a if and only if g factors through b if and only if g factors 
through modF/ Jr. This means that €x induces an isomorphism C'{Y,X^) C{Y,X). 
Thus the functor (f)* : C' ^ C and its right adjoint ( )~ : C — > C' are well-defined. If 

X G modF, then we have isomorphisms C'{Y,X) -4 C'{Y,X-) ^ C{Y,X) by (2), so the 
functor 0* : C' — > C is full faithful. To show that is monic in C, assume hex = in 
C- Then there exists h' such that hex — h'^- Since above diagram is pull-back, h factors 
through b. Thus C' is a right rejective subcategory of C-l 

2 Rejective chain 

In this section, we will study a chain of (left, right) rejective subcategories. We will 
collect general facts on (left, right) rejective subcategories. 

2.1 Let C be an additive category and C" ^ C' subcategories of C- 
(1) If C" is a (left, right) rejective subcategory of C, then it is a (left, right) rejective 
subcategory of C' ■ 
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(2) If C' is a (left, right) rejective subcategory of C, then C'/[C"] is a (left, right) 
rejective subcategory of C /[C"]- 

(3) If C" is a rejective subcategory of C' and C' is a rejective subcategory of C, then 
C" is a rejective subcategory of C- 

(4) Assume that C" is a right (resp. left) rejective subcategory of C' with a counit e'~ 
(rcsp. unit e'+) such that e'^ (resp. e'\) is monic (rcsp. epic) in C for any X G C'- If C' 
is a right (resp. left) rejective subcategory of C, then C" is a right (resp. left) rejective 
subcategory of C- 

(5) Assume that C' is a semisimple functorially finite subcategory of C- Then C' is a 
right rejective subcategory of C if and only if C' is a left rejective subcategory of C- 

(6) Assume that both of C' and C" are (left, right) rejective subcategory of C, and 
C" is a cosemisimple subcategory of C' ■ Then any subcategory D with C" ^ p C (j' is a 
(left, right) rejective subcategory of C- 

Proof (1) Immediate. 

(2) Since C( , X') ^ [C']{ , X) is an isomorphism for any X e C, so is [C"]( , X') ^ 

[C"]{ ,X). Thus so is C/n( ,X-) ^C/[C"]{ ,X). 

(4) Immediate since e'^_e3f gives a monic right C"- approximation of X. 

(3) By (4), we only have to show that any monomorphism a e C'(^, Y) in C' is still 
monic in C- Assume that h e C{Z, X) satisfies ha — 0. Take h' such that b — ejfe'. Then 
e%h'a = implies b'a = 0. Since 6' is a morphism in C', we obtain b' — and & = 0. 

(5) We only show the 'if part. Take a minimal right C'-approximation y — X of 
X G C- Assume that a G C(^, Y) satisfies af = 0. Take a' such that a = e^a'. Then 
e~^a'f = implies a'/ = 0. Since / is minimal, a' is in J^/ = 0. Thus a = 0. 

(6) For any X E C, decompose a monic right C'-approximation tx = (j^) • ~ 
Yi®Y2 ^ X such that Yi G P and Y2 has no direct summand in indD. Take a monic 
right C'-approximation g G C{Z, Y2). Since C" is a cosemisimple rejective subcategory of 
C' by (1), C( , ^) ^ , Y2) is an isomorphism on C' by 1.5.1. Thus (^-Jj -.Yi^Z ^ X 
gives a monic right D-approximation.l 

2.2 Definition Let C be an additive category and C' = Cm ^ Cm-i ^ ■ ■ ■ ^ Co = C 
a chain of subcategories. We call it a {half, left, right) rejective chain of length m if 
Cn+i is a cosemisimple (left or right, left, right) rejective subcategory of Cn for any n 
{0 < n < m) (§1.5). A left (resp. right) rejective chain is called total if each Cn is a left 
(resp. right) rejective subcategory of C-^ Any rejective chain is total left and total right 
by 2.1(3). By 2.2.1 below, any chain defined above can be refined to a saturated chain 

•^Right rejective chains in [I5;2.6] mean our total right rejective chains, and right rejective chains in 
[I3;2.2] mean our A-total right rejective chains (see 2.3.3). We note here that, for the vaUdity of the 
assertion [I4;2.1], one should assume that the chain there is total (see 3.5.1(1)). The main result [I4;2.2] 
and its proof are valid since the chain constructed there was A-total (see 2.5.1(1)). 
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which satisfies ^^(ind Cn \ indCn+i) = 1 for any n. 

Now assume that A is an artin algebra or order, and C is a subcategory of OTa. We 
call C maximal if C = holds (artin algebra case) or C = lat V holds for some hereditary 
overring F of A (order case). We call the chain above complete if C' is maximal. On the 
other hand, assume that the chain above is left (resp. right) rejective with a unit e+ 
(rcsp. e^) of the natural inclusion Cn+i Cn- We call the chain A-total if e^x (resp. 
e^ x) is epic (resp. monic) in DJl\ for any X E Cn- 

Any A-total left (resp. right) rejective chain is total by 2.1(4), and the converse 
holds if DA e C (resp. A G C)- Although totality depends only on the categorical 
structure of C, A-totality depends on the exact structure in DJl\. If A is an order in a 
scmisimple algebra, then any left (resp. right) rejective chain is A-total, since a morphism 

f G B.om\{X, Y) is epic (resp. monic) in Ma if and only if — > EndA(y) — > HomA(-^, Y) 

(resp. — ^ EndA(X) — * }iom\{X,Y)) is exact. 

2.2.1 Let C' = Cm ^ Cm-i C ■ ■ ■ C Cg = C be a chain of subcategories of C- Take any 
chain Cn+i = Cn,i„ Q ■ ■ ■ Q Cn,i Q Cn,o = Cn of Subcategories of Cn for each n (0 < n < m), 
and consider the refined chain C' = Cm-i,U-i ^ Cm-iU-i-i ^ ■ ■ ■ ^ Co,i C Co,o = C- If 
the original chain is a (half, left, right, total right, total left) rejective chain, then so is 
the refined chain by 2.1(6). 

2.2.2 The theorem below plays an important role in this paper. We shall give in 3.3 
corresponding results for (not necessarily total) left (resp. right) rejective chains. 

Theorem Let A be an artin algebra or order, and C a finite subcategory of DJIa. 
Assume that C has a complete A-total left (resp. right) rejective chain of length m > 0. 
r/ien C-rcsol.dimajlA < m{+l) (resp. C°^-resol.dim9JtA' < m{+l)) and gl.dim(modC) < 
m{+l) hold, where +1 are added if A is an order. 

Proof We only show the left-hand side assertion. 

(i) Let 0— >-Xbean exact sequence with X G M\, Y E Cn and / G J^Ma- 
We shall show that Z has a right C-approximation of the form W ^ Z with W G Cn+i- 

We only have to show that any morphism a : W ^ Z with G (/ > n) factors 
through Ci+i- Since af G J<xnA{W,Y), there exists b such that af = ef^/b for the left 
C/+i-approximation e^^yy oi W G Ci- Since el^^^ is epic in OTa, there exists c such that 
b = cf. Thus a = e^y^c holds. 

(n) Cm is a rejective subcategory of by 1.6.4. By (i), any X G fJJlA has a 
right C-resolution — > — Fm-i ■ ■ ■ ^ Yq ^ X with y„ G Cn for any n. 
Thus C-resol.dimSDTA < m{+l) holds. For the latter assertion, we can assume ei- 
ther m > 1 holds or A is an order. The proof of 1.1.1(1) implies gl.dim(modC) < 
2 -|- sup{C-resol.dim Z}, where Z G OTa has an exact sequence — > Z A F — > X with 
X,Y E C and a G J^a • Again by (i) , Z has a right C-resolution —> —> Z 

with y„ G Cn for any n. Thus C-resol.dimZ < m — 1(+1) and gl.dim(modC) < m(-|-l).l 
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2.2.3 Example (1) Let A be an artin algebra and = /,„ C C ■ • ■ C 

/o = A a chain of two-sided ideals of A such that IuJk ^ In+i for any n. Put 
Cn := addA(0^o" A/7j). Then = C„ C Cm-i ^ • • • ^ Co gives a A-total left rejective 
chain. Thus gl.dimEndA(©™o ^/^i) ^ holds by 2.2.2. The case when /„ = JJ( is a clas- 
sical example of Auslander [Al], and Dlab-Ringel [DR3] proved that EndA(0™Q A/ J^) 
is a quasi-hereditary algebra (see 3.5.1). 

(2) Let A be an order in a semisimple algebra and A = Aq C Ai C • • • C A^ a 
chain of overorders of A such that A^ is hereditary and Ja„ G lat A„+i for any n. Put 
Cn '■= addA(0ilo"^ Aj). Then Cm Q Cm-i ^ • • • ^ Co gives a A-total left rejective chain. 
Thus gl.dimEndA(0i^o < + 1 holds by 2.2.2. Any order has such a chain by 
putting A„+i ■= OiiJ^J = {x eA \ xJa„ C JaJ [K]. 

Proof Any X G indCo \indCi can be written X = Ae for a primitive idempotent e 
of A. We shall show that Ci is a cosemisimple left rejective subcategory of Co by L5.L 

(1) The natural surjection / : Ae — > Ae/Im-ie induces a surjection Co{Ae / Im^iC, ) —>■ 
Jci(Ae, ) since any a e Jco{Ae, A/ 1^) satisfies a{Im-ie) = 0. 

(2) Any a e Jco(Ae, Aj) satisfies a(Aie) C Aj by a(Ae) C Ja (i = 0) and Ai C Aj > 

0). Thus the natural injection / : Ae — > Aie indues a surjection Co{Aie, ) J(-^(Ae, ).l 

2.3 Definition Let A be an artin algebra or order, and C a subcategory of TIa- Al- 
though in general (left, right) rejective STibcategories of C cannot be characterized simply 
as in 1.5.2, we will give a simple criterion for a subcategory C' of C to be cosemisimple 
right (resp. left) rejective. 

(1) Define a functor F;;^ : Tl\ Tl\ with a natural transformation e~ : — >■ 1 
by ¥cX := Eyec, f&Jmj,(Y,x) f{Y) = T,YGC^-J^AiY^^) and the natural inclusion e^ : 
¥qX X. Moreover, using the duality D : Tl\ <-> dyi\op, we define a functor : 
ajlA with a natural transformation e+ : 1 — > by G^X :— D¥dc{DX) and 
e+ := D{e-r>x)- 

(2) For X e indC, (rcsp. ej^) is an isomorphism if and only if any exact sequence 
O^Z^y^X^O (resp. Q ^ X ^ Y ^ Z ^ Q) \u modA with y e C and 
Z e OJIa splits. We call such X splitting projective (resp. injective) in C [AS2] . Moreover, 
if X is not isomorphic to W^X (resp. G^X), then we define a subcategory C' of C by 
indC' = indC \{-^}- We call this process to get C' from C a right (resp. left) cancellation, 
and we call a left or right cancellation a /ia// cancellation. Our construction generalize 
prcprojective partition [AS2,3] of Auslander-Smalo to arbitrary C- 

2.3.1 Proposition Let A be an artin algebra or order in a semisimple algebra, and 
C a subcategory ofM\. 

(1) Let C' be a subcategory of C- If ^ C (resp. G^X G C' ) holds for any 
X e indC\indC'; then C' is a cosemisimple right (resp. left) rejective subcategory of C- 

(2) If C is a non-maximal (2.2) covariantly (resp. contravariantly) finite subcategory 
of dR\, then C has a splitting projective (resp. injective) object X e indC which is not 
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isomorphic to W^X (resp. GcX). Thus a right (resp. left) cancellation is applicable to C- 
(3) Assume that Vq (resp. Qq) gives an endofunctor of C- Then any subcategory of C 
obtained by a right (resp. left) cancellation is cosemisimple right (resp. left) rejective. 

Proof (1) Fix X e indC\indC'. Then ¥cX e C' implies C( ,^cX)^x ^ Jci ,^)- 

By the construction of F^, C{ jF^X) — ^ Jc{ ,X) is an isomorphism on C- Thus C' is a 
cosemisimple right rejective subcategory of C by 1.5.1. 

(2) (i) We will show the existence of splitting projective object [AS2]. 

Let / : A — X be a minimal left C-approximation of A. Then X holds by C 7^ 0. 
We will show that F^X 7^ X holds. Otherwise, there exists a surjection a G Jq{Y,X). 
We can take b such that / = ba. Since / is a left C-approximation, there exists c such 
that b — fc. then /(I — ca) — implies that ca is an automorphism, a contradiction. 

(ii) Assume that X e indC is sphtting projective and isomorphic to Ff^X. This is 
impossible for the artin algebra case, so we consider the order case. Put Xq :— X and 
Xu+i '■= F^Xn for n > 0. Let / G JEndA(x) be the composition of the isomorphism 
X ¥cX and ex- Since X„ = /"(X) holds, we obtain nn>o^n = 0. Now let A 
be a maximal overorder of EndA(X) and assume Y :— XA 7^ X. Since there exists 
a surjection X' — > y for some I > 0, any morphism Y — > X„ factors through X^+i- 
This implies HomA(y, X) = 0, a contradiction. Thus EndA(X) is a maximal order, and 
addX = lat A holds for some maximal overring A of A. Since any morphism Z X„ 
with Z G indC\{^} factors through Xn+i, we obtain HomA(Z, X) = 0. This implies 
C = C' X lat A for C' '■— add(indC \{X}). Applying the same argument to C', we shall 
obtain a desired splitting projective object by the non-maximality of C- 

(3) Since F^X G C' holds by the construction, the assertion follows from (l).l 

2.3.2 Let A be an artin algebra or order, and C a subcategory of 9JIa- 

(1) Assume that C is closed under factor modules (resp. submodules). Then F,;^ (resp. 
Gc) gives an endofunctor of C- Any subcategory of C obtained by a right (resp. left) 
cancellation is closed under factor modules (resp. submodules). 

(2) Assume that A is an artin algebra and C is closed under images. Then F^;. (resp. 
Gc) gives an endofunctor of C- Any subcategory of C obtained by a half cancellation is 
closed under images. 

Proof (1) Since there exists a surjection Y — > F^^X with Y E C, the former 
assertion follows. Let P G indC be splitting projective and C' a subcategory of C such 
that indC' = indC Take any surjection Y ^ X with Y E C' and X G Tl\. Then 

X G C holds, and P is not a direct summand of X by ¥^P ^ P. Thus X G C'- 

(2) Similar argument as in the proof of (1) works.l 

2.3.3 By (1) below, the definition of right rejective chains given in [I3;2.2] is equivalent 
to our A-total right rejective chain in 2.2. 

Theorem Let A be an artin algebra or order, and C a finite subcategory ofTl\. 
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(1) Assume that C is closed under factor modules (resp. submodules). Then any suc- 
cessive right (resp. left) cancellation gives a complete A-total right (resp. left) rejective 
chain consisting of subcategories which are closed under factor modules (resp. submod- 
ules). Conversely, any saturated complete A-total right (resp. left) rejective chain of C 
is obtained by a successive right (resp. left) cancellation. 

(2) If A is an artin algebra and C is closed under images, then any successive half 
(resp. left, right) cancellation gives a complete half (resp. A-total right, A-total left) 
rejective chain consisting of subcategories which are closed under images. 

Proof We only have to show the latter part of (1) since other assertions are imme- 
diate from 2.3.1(2)(3) and 2.3.2. Assume that C' ^ C" is a consecutive two terms in a 
saturated A-total right rejective chain of C and {X} :— indC' \indC". Let / : X~ X 
be a right C"-approximation of X which is monic in DJl\. Since X~ C X holds, we 
obtain Wq/X = X^ ^ X and X is splitting projective! 

2.3.4 Example In this subsection, we shall see that a few well-known examples 
of (left, right) rejective chains are given by 2.3.3. We notice that Rejection Lemma of 
Drozd-Kirichenco 1.6.5 is a left and right cancellation simultaneously. 

(1) Let A be an artin algebra of finite representation type. In [DR4], Dlab-Ringel 
constructed chains of subcategories of mod A by using (i) Roiter measure, (ii) dual Roiter 
measure [Roi] [G] [R3] , (iii) preinjective partition, or (iv) preprojective partition [AS2,3]. 
In the chain constructed by (i) or (iii) (resp. (ii) or (iv)), each subcategories were closed 
under submodules (resp. factor modules). Thus the chain is a A-total left (resp. right) 
rejective by 2.3.3. On the other hand, Dlab-Ringel proved that the chain gives a heredity 
chain of the Auslander algebra of A. This follows from their more general theorem on 
splitting filtrations [DR4], which will be explained in 3.7 from our categorical viewpoint. 

(2) Let Aq be a cyclic Nakayama artin algebra. Then any indecomposable Ag-module 
is local-colocal. Take X e ind(modAo) with a maximal length. Then one can easily 
show X e pr Aq n in Aq. Thus there exists a factor algebra Ai of Aq such that {X} — 
ind(modAo) — ind(modAi) by 1.6.5, and Ai is a cyclic Nakayama again. Repeating this 
process, we obtain a complete rejective chain = mod A^, C ■ ■ ■ C mod Ai C modAo- 

(3) We call an order A Gorenstein if A e in A, and Bass if any overorder of A is 
Gorenstein [DKR]. By definition, any overorder of a Bass order is Bass. 

Let Aq be a Bass order in a semisimple algebra. Then prAo = inAo holds since 
Aq is Gorenstein. Thus, if Aq is not maximal, then there exist X G ind(pr Aq) and an 
overorder Ai of Aq such that {X} = ind(lat Aq) — ind(lat Ai) by 1.6.5. Repeating this 
process, we obtain a complete rejective chain lat A^ C • • • C lat Ai C lat Aq since any 
increasing chain of overorders of Aq stops. Such a chain was called a Bass chain, and 
plays a crucial role in the theory of Bass orders [DK] [HN] [Ro] . 

2.4 In this section, we shall apply 2.3.1 to construct rejective chains for more general 
classes of subcategories of OJIa, which are not necessarily closed under factor modules 
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(resp. submodules). In fact, the class of subcategories satisfying the condition in 2.4.1 
below is much larger than that in 2.3.3. Our results 2.4.1 and 2.4.2 are immediate 
coonsequence of the following kew theorem. 

Theorem Let A be an artin algebra or order, and C a finite subcategory of M\. 
Assume that Fc'(C') C C (resp. Gc'iC) Q C) holds for any subcategory C' of C- Then 
any successive right (resp. left) cancellation gives a complete A-total right (resp. left) 
rejective chain of C- 

Proof Let P be splitting projective in C and C' a subcategory of C such that 
indC' = indC\{P}. By 2.3.1(2)(3), wc only have to show that ¥c"{C") C C' holds for 
any subcategory C" of C' ■ For any X G C" , P is not a direct summand of W^nX by 
F^P 7^ P. Since ¥(^ttX e C holds by our assumption, we obtain ¥qiiX e C'.l 

2.4.1 Corollary (1) Let A he an artin algebra and C a finite subcategory of mod A. 
Assume that any submodule (resp. factor module) of any X e indC is contained in C- 

Then C has a complete A-total right (resp. left) rejective chain. 

(2) Let A he an order and C a finite subcategory o/lat A. Assume that Y E C holds 
for any X G indC and F G lat A such that Y is a submodule (resp. factor module) of 
X. Then C has a complete A-total right (resp. left) rejective chain. 

2.4.2 The result (1) below played a crucial role in the proof of Solomon's conjecture 
on zeta functions of orders [13,5]. 

Corollary Let A be an artin algebra (resp. order). 

(1) Forn G putc'-''^ := add{X G indDJlA | lengthy X < n (resp. lengthy X <n)}. 
If ^mdC^"^ < oo, then C^") has a complete A-total left rejective chain and a complete 
A-total right rejective chain. 

(2) For M G Ma, put Cm ■= add{X G indaJlA | (resp. X) is a submodule of M 
(resp. M)} and C'^ := add{X G mdM\ \ X (resp. X) is a factor module of M (resp. 
M)}. If ^ind Cm < oo, then Cm has a complete A-total right rejective chain. Dually, if 
T^indC"^ < OO; then has a complete A-total left rejective chain. 

2.5 Let A be an artin algebra or order. We shall construct a rejective chain for an 
arbitrary given Mq :— M E TIa- Define M„ inductively by (i) (resp. (ii)) below. Fix 
m > and put C„ := addA(0^„ Mi). Then Cm Q Cm-i Q ■ ■ ■ Q Co ^ C forms a A-total 
right (resp. left) rejective chain. 

(i) Decompose = X^ © Y^ arbitrary, and take arbitrary factor module G 9Ka 
of a direct sum of copies of M„. Put M^+i := MnJmAi^n, Ar„) © F„ © Z„. 

(ii) Decompose M„ = X„ ® 1^ arbitrary, and take arbitrary submodule Z„ G TIa of 
a direct sum of copies of M„. Put M^+i := D{{DMn)JmA{DMn, DXn)) ® y„ © Z^. 

Proof M^+i is a factor module of a direct sum of copies of M„. Thus so is Mj for 
any i (i > n). In particular, MiJf)]ij^{Mi^ X) C M„JgrnA(^n, AT) holds for any X G SDTa 
and i {i > n), and we obtain ¥c^{X) = M„ Jgr)t^(M„, X). Fix X G indCn \ indCn+i- Then 
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X e addX„ holds. Thus ^cJX) = M„ JotaIMh, X) G addM„+i C Cn+i imphes that 
Cn+i is a coscmisimple right rcjcctive subcategory of Cn by 2.3.1(1).! 

2.5.1 Theorem (cf. [I4;2.2])Le^ A be an artin algebra or order in a semisimple alge- 
bra, and Mo := M e Ma- PutM^+i := M„JEndA(M„) (resp. M„+i := D{{DMn)JEndAiDM„))) 
inductively. Then there exists m > such that Cn '■— ^^^Ai^^n ^i) gives a complete 
A-total right (resp. left) rejective chain Cm Q Cm-i Q ■ ■ ■ Q Co- 

Proof The chain is A-total right (resp. left) rejective since we can obtain it by 

putting Xn = Mn, Yn = Zn = in each step in 2.5. We only have to show the complete- 
ness. For the artin algebra case, = holds for sufficiently large m and such m gives 
a complete chain. Let us consider the order case. Put A„ := EndA(M„). By definition, 
A„+i = EndA(M„JA„) 2 EndA„(^A„) 2 holds. Since any increasing chain of orders 
in a semisimple algebra stops, there exists m such that Aj„ = A„ holds for any n > m. 
In this case, EndA™(^Am) = holds, and this implies that A^ is a hereditary order 
[CR]. Thus r := End A^ (Mm) is a hereditary overring of A such that latF = addM^, 
and we have shown the assertion.l 

2.5.2 Corollary Let A be an artin algebra or order in a semisimple algebra. Then 
any M e OKa is contained in a finite subcategories C of 9JIa such that C has a complete 
A-total right (resp. left) rejective chain. Moreover, gl.dim(modC) < oo holds, and 
gl.dim(modC) < lengthy MEndA(M) holds if A is an artin algebra. 

Proof The inequality follows from 2.2.2 and the construction in 2.5.1 since Mm — 
holds for m := length^y MEndA(M)-l 

3 Quasi-hereditary algebras and Global dimension 

3.1 There exists a bijection between equivalence classes of KruU-Schmidt categories 
C with additive generators M and Morita-equivalcncc classes of semiperfect rings F, 
which is given hj C ^ C{M, M) and the converse is given by F pr F. 

Assume that C corresponds to F. For idempotents e and / of F, we say that e is 
equivalent to / if addr(Fe) = addr(F/) holds. Then the set of subcategories C' of C, 
the set of idempotent ideals / of F, and the set of equivalence classes of idempotents 
e correspond bijectively. This is given by C' i— / := [C'](M, M), and 7 i— > e such that 
I — FeF. In this case, C' corresponds to the ring eFe. 

3.2 Theorem Let T be a basic semiperfect ring, e an idempotent e ofT, T' := eFe 
and F := F/FeF. Assume that C and C' correspond to F and F' respectively by 3.1. 

(1) C' is a corefiective (resp. reflective) subcategory of C if and only if eT G prF' 
(resp. Fe G prF'"^^. 

(2) C' is a right (resp. left) rejective subcategory of C if and only ifVeV G prF (resp. 
FeF G prF^p;. Then < gl.dim F - gl.dim F' < gl.dimF + 2. 

(3) C' is a coscmisimple right (resp. left) rejective subcategory of C if and only if 
Jr(l - e) G addr(Fe) (resp. (1 - e)Jr e add(eF)r;. Then < gl.dimF - gLdimF' < 2 
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holds, where the right inequality is strict z/Homr(r(l — e),re) = 0. 

(4) If C' is a rejective subcategory of C, then gLdimF < max{gl.dimr + 2, gLdimF'}. 

3.2.1 Let X : ^ X„ ^ -^n-i ^ ■ ■ ■ Xq ^ X_i ^ be a complex of F-modules. 

(1) If X is exact, then pdp X_i < max{i + pdp Xi \ < i < n}. 

(2) IfX, e prTfor any i > 0, then pdp X_i < max{i + 1 + pdr i/'(X) | -1 < i < n}. 

Proof Since both are easily shown inductively, we only show (2). Considering 
the complex — > X„ ^ Xn-i Xi —> Ker / — > 0, we obtain pdr Ker / < 

max{i + pdp if*(X) | < i < n}. Then the exact sequence — > Ker / ^ — > X_i — > 
H~^{X.) — > shows the assertion.l 

3.2.2 Lemma Let T be a ring, e an idempotent ofV, V :— eVe and V :— r/FeF. 
Then — pdr/(eF) < gl.dimF — gl.dimF' < gl.dimF + pdpF + 1 holds, where the right 
inequality is strict i/Homr(r(l - e),Fe) = (cf. [APT]). 

Proof (i) We will show the left inequality. We can assume n :— gl.dimF < oo. 
Take a projective resolution P„ — * Pn-i -^■■■^Po^X^OofX^ modF. 
Taking eF®r , we obtain an exact sequence ePn — > eP„_i ePo ^X — >• 

of F'-modules. Thus pdr'{eX) < n+pdp/(eF) holds by 3.2.1(1). This implies gl.dimF' < 
gl.dim F + pdp/(eF) since the functor eF(8)r '■ mod F — > mod F' is dense. 

(ii) We will show the right inequality. We can assume n :— gl.dimF' < oo. For 
X G mod F, take a projective resolution A : — P„ ^ Pn-i Pq —^^ eX — of 

F'-modules. From A, we obtain a complex B : — Fe (8>r' Pn — ^ Te ®r' Pn-i 
Fe (8)r' Pq ^ X ^ 0. Since eF (g)r B = A holds, any homology of B are F-modules. Thus 
we obtain pdpX < supfpdpl^ | Y e modF} -|- n -|- 1 by 3.2.1(2). Taking a projective 
resolution of y e modF as a F-module, wc obtain pdp Y < gl.dim F-|- pdp F by 3.2.1(1). 
Thus we obtain gl.dim F < gl.dim F' -|- gl.dim F + pdp F -|- 1.1 

3.2.3 Proof of 3.2 (1) C' is a coreflective subcategory of C if and only if there exists 
a G C(P, F) with P E C' such that C(Fe, P) —> C(Fe, F) is an isomorphism if and only if 
there exists an isomorphism eP — > eF of F'-modules with P G C' if and only if eF G pr F'. 

(2) C' is a right rejective subcategory of C if and only if there exists a G C(P, F) 
with Pec' such that P = C(F, P) —> [C']{T. F) = FeF is an isomorphism if and only if 
FeF G addp(Fe) if and only if FeF G prF. The latter assertion follows from 3.2.2 since 
FeF G pr F implies pdp F < 1 and pdp/(eF) = by eFeF = eF. 

(3) Put/ := 1— e. By 1.5.1, C' is a cosemisimple right rejective subcategory of C if and 
only if there exists a G C(P, F/) with P G C such that P = C(F, P) A Jc(F, F/) = Jp/ 
is an isomorphism if and only if Jp/ G addp(Fe). 

(4) We can assume n := gl.dimF' < oo. For any X G modF, take a projective 
resolution A : — P„ — P„_i Pq eX — of a F'-module eX. From A, we 
obtain a complex B : — >• Fe ®p/ Pn — >■ Fe ®p/ Pn-i Fe ®y' Pq — >■ X — >■ 0. Take 
an epic left C'-approximation f : T ^ P with P e C' — addp(Fe). Then we obtain the 
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following commutative diagram, whose vertical maps are isomorphisms. 

B :0^ re Pn ■ Te ®r' Po ^X^O 

|/- |/- 

O^Homr(P, Te 0r' Pn)^ ^Homr(P, Te 0r' ^o) 

Since Homr(re, B) = A holds, the lower sequence is exact by P e addr(re). Thus we 
obtain if*(B) = except i = 0,1. We have an exact sequence if°(B) Cokg — >■ 
X H-\B) with pdrCok^ < n. Since H'{B) is a T-module, pdrii"'(B) < 
gl.dimF + 1 holds. Thus we have pdpX < maxjgl.dimr + 2,n}.l 

3.3 Theorem Assume that C corresponds to T by 3.1. 

(1) Assume that V is an artin algebra. If C has a complete total right (resp. left) 
rejective chain of length m, then gLdimF <m. If C has a complete half rejective chain 
of length m, then gl.dim F < 2m — 2. 

(2) Assume that T is an order in a semisimple algebra. If C has a complete half 
rejective chain of length m, then gl.dimF < m + 1. 

Proof All assertions follow from 3.2(3) except the former assertion of (1). It follows 
from 2.2.2 since the equivalence C = prF (resp. C = inF) makes the chain F-total.l 
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J — Jr. Then F has a complete total right (resp. left) rejective chain of length n — 2. 
Thus gl.dim A < n — 1 holds, a classical result of Jategaonkar [J] . 

Proof Without loss of generahty, we can assume that F is basic. Let ej be an 
idempotent of F with {i, i)-th entry 1 and other entries 0. Then Jre„ = Fe„_i holds. 
Thus addr(F(l — e,„)) is a coscmisimple right rejective subcategory of prF by 3.2(3). 
Since (ei + e2)F(ei + 62) is hereditary, the assertion follows inductively.l 

3.4 We recall two classes of algebras closely related to rejective chains. One is quasi- 
hereditary algebras of Cline-Parshall-Scott [CPS1,2], and another is neat algebras of 
Agoston-Dlab-Wakamatsu [ADW] . 

(1) A two-sided ideal / of an artin algebra F is called heredity if P — /, IJrl — 
and / e prF. This condition is left-right symmetric since the last condition is equivalent 
to / e prF"^ by 2.1(5). An artin algebra F is called quasi-hereditary if it has a heredity 
chain, which is a chain = C Im-i C ■ ■ ■ C Jq = F of ideals of F such that In-i/In is 
a heredity ideal of F//„ for any n (0 < n < m). 

An order F is called quasi-hereditary if there exists an idempotent e of F such that 
eFe is a maximal order and F/FeF is a quasi-hereditary artin algebra [KW]. 

(2) An idempotent / of an artin algebra F is called neat if Extp((F/ Jr)/, (F/ Jr)/) = 
holds for any i > 0. This is equivalent to that Extrop(/(F/ Jp), /(F/ Jp)) — holds for 
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any i > since D{{r/ Jr)f) = f{T/ Ji). An artin algebra F is called neat if it has a neat 
sequence (/i, /2, • " " > /m), which is a complete set of orthogonal idempotcnts of F such 
that ft is a neat idempotent of e^Fet for := + ft+i + ■ — h /m for any t {1 <t < m). 
It is known that any quasi- hereditary algebra is neat [ADW] . 

3.4.1 Let us recall theorems in [CPS1,2] and [ADW;prop.2] concerning on the global 
dimension. For completeness, we shall give a quick proof of them. 

Theorem Let F be a basic artin algebra. 

(1) If I is a heredity ideal ofT, then < gl.dimF — gl.dimF// < 2 holds. Conse- 
quently, if T is a quasi-hereditary algebra with a chain = 1^ Q Im-i Q ■ ■ ■ Q h = ^) 
then gl.dimF < 2m — 2 holds. 

(2) If f be a neat idempotent ofV, then |(gl.dimF' + l) < gl.dimF < 2(gLdimF' + l) 
holds for e :— 1 — / and F' := eFe. Consequently, if F is a neat algebra with a neat 
sequence (/i, /2, • • • , /m); then gl.dimF < 2"* — 2 holds. 

Proof (1) Put / = FeF. Then the assertion follows from 3.2.2 since F' is scmisimple. 

(2) Let P be a minimal projective resolution of a F-modulc Jp/- Since / is neat, 
all terms in P are in addr(Fe). Since the functor eF®!- : addr(Fe) prF' is an 
equivalence, eF ®r P gives a minimal projective resolution of a F'-module eJrf. Thus 
we obtain pdr(Jr/) = pdr'(e</r/) = pdr'(eF). 

By 3.2.2, we obtain gl. dim F'—gl. dim F < pdp,(eF) = pdp(Jr/) < gl.dimF— L On the 
other hand, since F is semisimple, we obtain gl.dimF — gl. dim F' < gl.dim F + pdp F + 1 < 
pdr(FeF) + 2 = pdr(FeF/) + 2 = pd^iJrf) + 2 = pdr,(eF) + 2 < gl.dimF' + 2, where 
we used FeF/ = J^f since addr(Fe) is a cosemisimplc subcategory of prF.I 

3.5 Assume that C corresponds to an artin algebra or order F by 3.1. 

(1) We have a bijection between semisimple rejective subcategories C' of C and hered- 
ity ideals 7 of F. A heredity chain corresponds to a chain Cm Q Cm-i Q ■ ■ • Q Co — C oi 
subcategories of C such that Cn /[Cn+i] is a semisimple rejective subcategory of C /[Cn+i] 
for any n {0 < n < m) and Cm is maximal in the sense of 2.2. 

(2) For a chain = Cm ^ Cm-i Q ■ ■ ■ Q Co = C oi subcategories of C, take an 
idempotent of F which corresponds to the subcategory Cn of C by 3.1. We call the 
chain neat if (/i, /2, • • • , fm) is an neat sequence for /„ := e„_i — e„. We have a bijection 
between neat sequences of F and neat chains of C- 

3.5.1 Theorem (1) Any complete total right (resp. left) rejective chain is a heredity 
chain. As a conclusion, the categories appeared in 2.2.3, 2.3.3(1), 2.3.4, ^-4) ^■4-^) 2.4.2, 
2.5.1 and 2.5.2 are quasi-hereditary. 

(2) Any complete half rejective chain is a neat chain. As a conclusion, the category 
appeared in 2.3.3(2) is neat. 

Proof (1) Let = Cm ^ Cm-i C ■ ■ ■ C Co = C be a total right rejective chain. By 
2.1(1)(2), Cn2 /[Cns] is a right rejective subcategory of Cm /[Cna] for any n-i > n2 > n^. 
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In particular, the chain is heredity. 

(2) Let C' be a cosemisimple right rejective subcategory of C corresponding to an 
idempotent e of F by 3.1. We only have to show that / := 1 — e is an neat idempotent. 
By 3.2(3), Jrf — > F/ — > (F/Jp)/ ^ is a projective resolution of (F/Jr)/ with 
Jrf e addr(Fe). This implies pdr((F/Jr)/) < 1 and Ext^((F/ Jr)/, (F/Jr)/) = 0.1 

3.5.2 Immediately we obtain the theorem below, where the artin algebra case was 
conjectured by Ringel [Xil] and proved in [I4;l.l]. 

Corollary Let A be an artin algebra or order in a semisimple algebra. For any 
M G SO^A, there exists N G 9JIa such that EndA(M © N) is quasi-hereditary. 

3.5.3 Let F be an artin algebra or order. By 3.5.1, the following implications hold, 
where (QH) mcnas that F is quasi-hereditary, (NT) means that F is neat, and (RC) (resp. 
(TRRC),(RRC),(IIRC),...) means that F has a rejective (resp. total right rejective, right 
rejective, half rejective,...) chain. We shall see in 3.5.4 that all implications are strict. 

(TRRC) (RRC) 

(RC) <^ ^ (QH) — - (NT) (HRC) 
(TLRC) (LRC) 

3.5.4 Examples (1) Let F be the algebra defined by the quiver below with relations 
be = ca = dab = 0. Then the indecomposable left and right projective modules have the 
form below. Then F is (RRC) with a right rejective chain {3} C {2,3} C {1,2,3}, but 
not (QH) (LRC) (TRRC). 

bXa 1 2 1 2 

.-^ ^ > 1 3 1 1 ^ 3 2 

n 1 2 f 2 1 

(2) Let F be the algebra defined by the quiver below with relations dc — bca — bed — 
ea = 0. Then the indecomposable left and right projective modules have the form below. 
Thus F is (QH) with a heredity chain {2} C {1,2} C {1,2,3}, but not (HRC) since it 
has no cosemisimple left (resp. right) rejective subcategory. 

o 

3i^l 2 3 i ? 3 2 

^ 13 ^^13 

(3) Let A; C K he a finite extension of fields and J := tK[[t]] C A := k + J G O : = 

I o o o o \ 

XP]. LetF:= /a ^1 a a be a A;[[i]]-order. Then F is (HRC) with a half rejective 

V J2 J2 J A / 

chain {1} C (1, 2} C (1, 2, 3} C (1, 2, 3, 4}, where % corresponds to an idempotent with 
(i,i)-th entry 1 and other entries 0. But F is neither (RRC) nor (LRC). 

3.6 Any artin algebra F with gl.dimF < 2 is quasi-hereditary by Dlab- Ringel [DR2], 
and any order F with gl.dimF < 2 is also quasi-hereditary by Konig- Wiedemann [KW]. 
More strongly, we will that such ring has a complete total right rejective chain (3.5.1). 
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Theorem Let T be an artin algebra or order, and C '■= prF. //gl.dimr < 2 holds, 

then C has a complete total right (resp. left) rejective chain. 

3.6.1 Lemma Let T be an artin algebra with gLdimF = n (2 < n < oo). Then there 
exists a simple F -module S with pdp S = n — 1. 

Proof We can take a non-zero F-module X with pdpX = n — 1. Assume that 
X is not simple. Thus X has a proper simple submodule S, and we obtain an exact 
sequence ^ S ^ X ^ X/S 0. By an exact sequence Extr(^, ) Extp(5', ) 
Extp'''^(X/5', ), wc obtain pdp S < n. If pdp S < n — 1, then wc obtain pdp(X/S') = n — 1 
by an exact sequence Exf^-^X/S, ) ^ Exf^'^X, ) ^ ExtJ^-^(S, ) ^ Ext'^{X/S, ) ^ 
Extp(X, ). Replacing X by X/S and repeating this argument, we obtain the assertion.l 

3.6.2 Proof of 3.6 Wc can assume F is non-scmisimple basic. By 3.6.1, we can take 
a primitive idempotent / of F such that pdp 5 = 1 for := (F/Jp)/. Put e := 1 — /, 
C' ■— addr(re) C C = prF and F' := eFe. Then C' is a cosemisimple right rejective 
subcategory of C and gl.dimF' < 2 holds by 3.2(3). By 2.1(4), wc only have to show 
that any monomorphism a : Pi ^ Pq in C' is still monic in C- Since gl.dimF < 2, we 
have an exact sequence ^ P2 ^ Pi Pq in modF with P2 G pr F. Since a is monic in 
C', eP2 = Homp(Fe,P2) = holds. Thus P2 is a module over a scmisimple ring F/FeF. 
This implies that P2 is isomorphic to S'^ for some n > 0. If n > 0, then S e prF, a 
contradiction to pdp -S" = 1. Thus n — and P2 — holds.l 

3.7 Example Let A be an artin algebra of finite representation type. We call a chain 

= Cm ^ Cm-1 ^ ■ ■ • ^ Co = mod A a splitting chain if Cn+i is closed under either factor 
modules or submodules, and is a cosemisimple subcategory of Cn for any n (0 < n < m). 
Any splitting filtration of Dlab-Ringel [DR4] gives a splitting chain. Now, 1.5.2 implies 
that any Cn is a left or right rejective subcategory of modA. Thus 2.1(1) implies that 
any splitting chain is a half rejective chain. On the other hand, 2. 1(2) (5) implies that 
Cn /[Cn+i] is a semisimple rejective subcategory of mod A/[C„+i] for any n. By 3.5(1), we 
conclude that any splitting chain is a heredity chain, a theorem of Dlab-Ringel [DR4] . 

4 The function ta and Representation dimension 

4.1 Definition Again assume that A is an artin algebra and 9JIa '■= modA, or A is 
an order and 971a := lat A. Put gA^M) := gl.dimEndA(M) and r^iM) := ini{gAiM © 
iV) I G Ma}. By 4.1.1 below (cf. [I4;1.2]), va gives a function Ma N>o. We often 
regard gA and ta as functions on the set of finite subcategories of Ma- Then taIC') < 
rA(C) holds for finite subcategories C' Q C- Put Ita] := sup{rA(-'^) | X G TIa}- We call 
rep. dim A := rA(A © DA) the representation dimension of A, which was introduced by 
Auslander [Al] for artin algebras. 

4.1.1 Theorem Let A be an artin algebra or order in a semisimple algebra. Then 
rA{X) < 00 holds for any X G Ma- 
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Proof Immediate from 2.5.2.1 

4.1.2 For a subcategory C of Tl\, recall that we write C-resol.dim$HA < itl if, for 
any X G 971a, there exists a complex Mm ^ ■ ■ ■ ^ Mi — Mq — X such that M^ G C 
and 9JtA( , M^) ^ • • • ^ dJlA{ , Mi) ^ $Ha( , Mq) SHaI , X) ^ is exact on C 
(1.1). Let us recall 1.1.2 below, which gives us a method to calculate ta [A1][EHIS]. 

Theorem Let A be an artin algebra or order in a semisimple algebra, M e DJl\ and 
C := addM. Then C^-resol.dimmiA^ > max{g'A(M) - 2, 0} < C-resol.dim£!JtA; where the 
left (resp. right) equality holds if A & C (resp. DA & C)- 

4.1.3 Immediately, we obtain Auslander's theorem [Al] below. It is easily checked 
that rep. dim A < 1 and |rA| < 1 occurs only when A is semisimple (algebra case) or A is 
hereditary (order case). 

Theorem Let A be an artin algebra or order in a semisimple algebra. T/iera rep. dim A < 
2 if and only if {r^l ^'2 if and only if A is representation- finite (%0.3). 

Proof Assume that a finite subcategory C of 9JIa satisfies A © DA e C- By 4.1.2, 
fi'A(C) < 2 is equivalent to C-resol.dim$HA = which means that, for any X G $Ha, there 

exists a morphism Y ^ X such that F e C and M\{ , Y) — > , X) is an isomorphism 
on C- This is equivalent to that / is an isomorphism by A e C- Thus gA{C) < 2 is 
equivalent to C = ^a- Thus we obtain the assertion. I 

4.1.4 Example Let A be an artin algebra with the Loewy length LL(A). 

(1) rA(A) < g^i^l^^^^ A/J{) < LL(A) holds by 2.2.3(1). In particular, rep.dimA < 
LL(A) holds if A is selfinjective [Al]. 

(2) If A is hereditary, then rep.dimA < g\{A © DA) < 3 holds [Al]. On the other 
hand, if = 0, then A is stably equivalent to a hereditary algebra [ARS], and we can 
obtain Auslander's result rep.dimA < 3 [Al] by 4.2(2) below. Several classes of algebras 
are known to have the representation dimension at most three [Xil][CP][H] (see also 4.4). 

Proof (2) By 4.1.2, we only have to show that C := add(A ® DA) satisfies 
C-resol.dim OJIa < 1- Take X e indf!JlA\indC- Then a projective resolution — > Pi ^ 
Pq ^ X ^ gives a right C- resolution since HomA(-DA, X) — holds by gl.dim A < 1.1 

4.2 Let A be an artin algebra or order and F an artin algebra or order. We say that 
A is finitely equivalent to F if there exists finite subcategories (1.1) X and of DJl\ and 
9Jtr respectively such that 9JIa/[A'] is equivalent to S[)tr/[A'']- Especially, when X = [pr A] 
and X' = pr F, we say that A is stably equivalent to F [ARS]. We shall prove the theorem 
below in 5.6, where (2) is a result of Xiangqian [X]. It is also vahd even if A is an artin 
algebra and F is an order. 

Theorem Let A be an artin algebra or order and F an artin algebra or order. Assume 
that they are not representation-finite. 
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(1) If A is finitely equivalent to T, then \r\\ = |rr|. 

(2) If A is stably equivalent to T, then rep. dim A = rep. dim F. 

4.3 Let A be a hereditary artin algebra with the underlying valued quiver Q. Then A 
is representation-finite if and only if Q is Dynkin. We call A tame if Q is extended Dynkin, 
and u;i/c? otherwise [DR1][R1]. When A is tame, we call EndA(T') a tame concealed algebra, 
for any preprojective tilting A-module T [R2;4.3]. 

Theorem If A is a tame hereditary algebra, then \rA\ — rep.dimA = 3. More 
generally, if F is a tame concealed algebra, then |rr| = rep. dim F = 3. 

Proof (1) Wc will show |rA| < 3. For X G mod A, we denote by subX the 
subcategory of mod A consisting submodules of a direct sum of copies of X. We denote 
by V (resp. IZ, X) the category of preprojective (rcsp. regular, preinjective) A-modulcs 
[DRl]. Put d{X,Y) := dimHomA(X,F) for X,Y e mod A. We denote by the 
Auslander translate with the inverse t]^ [ARS] . 

(1) We will show # ind(7^ n sub X) < oo and # ind(-p n sub X) < oo for any X e TZ. 
The former assertion is easy since 7^ is a direct sum of subcategories corresponding to 

tubes [DR1][R1]. Wc shall show the latter one. Wc can take p > such that X = r^^X. 
Put c := max{d{Y, X)\Y e ind(add(e^=o 'A))}. Then d{Y, X) < c holds for any Y e 
ind(7'nsubX) since d{Y,X) = d{T^Y,T^X) holds for any Y e ind(mod A)\ pr A. Fix 

Y e ind(P n subX) and take a basis {fi}i<i,<d{Y,x) of HomA(l^, X). Then (/i, • • • , fd{Y,X)) '■ 

Y — > X'^'^^'^^ should be injective. Thus diniF < d(Y,X) dimX < cdimX holds. Since 
there arc only finitely many Y G indp with dimV < cdimX, the assertion follows. 

(n) Fix any P ® N ® I G mod A with P e V, N e TZ and I e I. We can put 
TZCisuhN = addA^' and VCisuhN' = addQ by (i). Let P' (resp. /') be the direct sum 
of X e indp (resp. X e indx) such that HomA(X, Q) 7^ (resp. HomA(/,X) ^ 0). By 
4.1.2, we only have to show C-resol.dim (mod A) < 1 for C := add(P' © X' © /'). 

Fix any X G ind(modA). We can assume X ^ add/', so HomA(/',X) = holds. 
Consider the following commutative diagram of exact sequences, where / is a right 
(add A^') -approximation of X and is a right (addP')-approximation of X. 

>Y >No — ^—^X 

II T 

^Y > Z >Po 

Then Y G sub N' C add(P' © N') holds by our choice. Since any indecomposable 
direct summand W of Z satifsies W G addF or B.om\(W,Po) 7^ 0. In both cases, 
W G add(P' © N') holds by our choice. Thus Z G add(P' © N') holds, and ^ Z ^ 

(/) 

Pq © A^o — ^ -'^ gives a right C-resolution of X. 

(2) We will show |rr| < 3. Let F = EndA(T) for a preprojective tilting A-module T, 
which defines a torsion theory (T, on mod A and a splitting torsion theory {X, y) on 
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modr. Let C be a subcategory of mod A such that indC = ind(mod A)\ indT- Then 
C is finite [R2]. By Tilting theorem, X is equivalent to ^ C ^ and y = modr/[A'] is 
equivalent to T = modA/[C]. Thus A and F are finitely equivalent, and |rr| = Ita] = 3 
holds by (1) and 4.2(1)1 

4.4 The theorem of Erdmann-Holm-Schroer and the author [EHIS] is generalized 
as follows. For the convenience of readers, wc shall give a proof. For simplicity, put 
C + P := add(C U V) for subcategories C and V oi Ma. 

Theorem Let A C F &e artin algebras or orders. Assume that F is representation- 
finite and Ja is an ideal (resp. left ideal, right ideal) o/F. Then rep. dim A < 3 (resp. 
rA{A) < 3, rA{DA) < 3) holds. 

Proof We shall use the notations in 1.3. Put C '■= A + X(f, + in A. (For the case 
when Ja is a left (resp. right) ideal of F, put C '■= prA + X4, (resp. C '■= A'^ + inA) 
and apply a similar argument). By 4.1.2, we only have to show C-resol.dimOTA ^ 1- Fix 
X e indaKA\ iiidC- By 1.7(1), a right A",^- approximation of X gives an exact sequence 

^ HomA(C^,A:) ^X- '-^X ^ Ext\{C^,X). Since C^Ja = holds, Ext\{C^,X) is 
a semisimple A-module. Taking the projective cover of Coke^, we obtain the following 
pull-back diagram. 

>RomA{C^,X) >X- ) X ^Coke^ >0 

II T f II 

>RomA{C^,X) > Y >P >P/JaP ^0 

Then / induces a morphism g : JaP Imex- Since JaP G holds by our 
assumption, g factors through X~. Thus Y is isomorphic to JaP ® HomA(C</„ X) e X<t>- 
Taking the mapping cone, we obtain a right (pr A + A",^) -resolution — > y — > P © 

X ^ X ^ (*). Now take any a G HomA(£'A,X). Then Da G HomAop(M,A) 
factors through Ja since DX is not projective. Thus a factors through the natural map 
DA DJa- Since DJa E X4, holds by our assumption, a factors through e^. Thus (*) 
is a right C-resolution.l 

4.4.1 Let us give a proof of [EHIS;1.4] from our categorical viewpoint. 

Corollary Let A gT be artin algebras with Ja = Jr- Assume thatV is representation- 
finite and N is an additive generator o/modF. Then EndA(A © cjfN © DK) is quasi- 
hereditary. 

Proof We have a chain C' := modA/JA C C2 ■= X<j> C Ci := A^ + inA C 
C := pr A -I- A'.^-l-inA. By 1.6.1(1), C' is a semisimple rejective subcategory of C- By 
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1-7(3), C2/[C'] is equivalent to modr/[modr/Jr]- By 3.2(2), gl.dim(modr) < 2 im- 
plies gl.dim(modC2 /[C]) < 2. By 3.6, C2 has a heredity chain C = (J^ C • • • C 
C3 ^ C2- Since C2 /[C'] is a rejective subcategory of C l\C'\ by 1.7(3), the induced chain 
C I\C'\ C ■ ■ ■ C C3 /[C'] C C2 l\C'\ consists of rejective subcategories of C l\C'\ 
by 2.1(3). Now C2 is a cosemisimple (left rejective) subcategory of C\ by -DJa G C21 
and Ci is a cosemisimple right rejective subcategory of C by Ja G C2- Thus Ci /[C2] is a 
semisimpie rejective subcategory of C /[C2] by 2.1(2)(5). Consequently, C has a heredity 
chain C C = Cm C • • • C Ca C C2 C Ci C C.I 

4.4.2 Example (1) An order A is called Bdckstrdm if there exists a hereditary 
overorder F such that Ja = Jr- By 4.4, rep.dimA < 3 folds for any Backstrom or- 
ders. The representation theory of Backstrom orders were studied by Ringcl-Roggenkamp 
[RR], and it is shown that the representation type of A can be determined by a certain 
associated valued quiver of A. This result can be explained by the result 4.4.3 below in 
[18] since the associated valued quiver of A is defined as the associated valued quiver of 
the hereditary algebra ( ^^^^^ ^k/'j^ ] ■ 




(2) In [EHIS], the representation dimension of a special biserial algebras is shown to 
be at most 3 by applying 4.4. Now let us consider the representation dimension of a 
clannish algebra A over a field k [CB]. Then there exists a Backstrom A;[[t]]-order A with 
a hereditary overorder T and an ideal / of F such that with J\ = Jr and A = A/ 1 hy 
[I7;1.3(3)]. Since B :— T/I is a cyclic Nakayama algebra with = C ^ C -B, we 
obtain that B is representation-finite and rep.dimA < 3 by 4.4. 

4.4.3 Theorem Let A be a Bdckstrdm order and F the hereditary overorder of A such 
that Ja = Jr- Then A is stably equivalent to the finite dimensional hereditary algebra 



4.5 Definition We shall introduce two homological invariant of A which is closely 

related to the function ta. Let A and F be artin algebras or orders. 

(1) We write A ^ F if there exists P G prF such that Endr(P) is Morita-equivalent 
to A. Obviously, ^ gives a partial order on the set of Morita-equivalence classes of 
artin algebras and those of orders. Define the expanded dimension of A by exp.dim A := 
inf{gl.dimF | A ^ F}. This concept first appeared in Auslander's observation in [Al] 
such that exp.dim A is finite for any artin algebra A by 2.2.3(1). 

(2) Let C be a subcategory of M\. We define the weak resolution dimension wrcsol.dim C 
as the minimal number n > which satisfies the following equivalent conditions (cf. 1.1). 

(i) There exists M G 9JIa such that, for any X e C, there exists an exact sequence 
0^M„^ > Mo^Y ^0 with Mi G addM and X G addF. 

(ii) There exists M G M\ such that, for any X E C, there exists an exact sequence 
O^Y ^ Mq^ ^ M„ -> with Mi G add M and X G add Y. 

Here wresol.dim(mod A) + 2 coincides with rwrep.dim A in [Rou]. 

Proof (2)(i)=^(n) We shall show that N := f]-"M © DA satisfies the condition 
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(ii). Put M_i := Y for simplicity. Assume that wc have an exact sequence 

■■■ ^ Mil ^ ^ • • • ^ N_i_i with M'j e add{Mj © DA) and Nj e addiV. 

Consider the following commutative diagram, where the lower sequence is an injective 

resolution. 

o^m;_,^ in-i-i ^- ■ i-i ^ 7-2 ^- • u ^q-"m;_,^o 

Taking the mapping cone, we obtain an exact sequence M'^_^_^ M'_'^ — >■ 

7V_2 > N_i_2 with Mj e add(Mj © DA) and iVj G add A^. The sequence for 

i — n + 1 shows (ii) .1 

4.5.1 Let A be an artin algebra or order. 

(1) For n = 0, 1, exp.dim A = n if and only if r\{A) = n if and only if gl.dimA = n. 

(2) exp.dim EndA(X) < rA(X) holds for any X G WTa- 

(3) wresol.dim(mod A) < exp.dim A < rA(A) < minjgl.dim A, rep.dim A, LL(A)}. 

(4) wresol.dimA:2 < maxjexp.dim A — 2,0} holds for X2 '■= add f2^(mod A). 

(5) If : A — > r is a quasi-split morphism of artin algebras (1.6), then wresol.dim 9JIa < 
wresol.dimOJlr. 

Proof (1) If F ^ A and gl.dimA < 1, then gl.dimP < 1. 

(2) For any Y, put F := EndA(A: © Y) and P := HomA(A: ®Y,X) e prF. Since 
Endr(P) = EndA(A:) holds, we obtain EndA(A:) ^ F. 

(4) Put n := exp.dim A and m := max{n — 2,0}. Take F and P G prF with 

gl.dimF = n and A = EndA(P). We will show that M := Homr(P, F) satisfies 4.5(2)(i). 

For any X G A2, take a morphism / G Homr(P',P") in addP such that — > y — > 
.f 

Homr(P, P') — > Homr(P, P") is exact and X G addF. By pdp Ker / < m, we can take 
a projective resolution —> P^ Pq —> Ker / — > 0. Then we obtain the desired 

sequence Homr(P, Pm) ^ > Homr(P Pq) ^ Y ^ 0. 

(3) The inequality wresol.dimmod A < exp.dim A follows from the argument in the 
proof of (4). Other inequalities follows from (2) and 4.1.4(1). 

(5) If M G OJlr satisfies the condition in 4.5(2)(i), then so does (f)*M G OJIa.I 

4.6 Rouquier's theorem below [Rou;6.10,6.9] gave the first example of algebras with 
representation dimension greater than 3. Although his quite interesting proof uses Koszul 
duality in derived categories essentially, it would be a natural problem to give a direct 
proof. Consequently, exp.dim A and rA(A) is also n + 1 by 4.5.1(3)(4). 

Theorem Let k be a field and A = A(/c") the exterior algebra with n > 0. Then 
wresol.dim(mod A) + 2 — rep.dim A — n + 1. 

4.6.1 Example We can obtain many classes of artin algebras with large representa- 
tion dimension by using 4.6. Again let A = A(A;") be the exterior algebra with n > 0. 
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(1) An artin algebra F with A ^ F satisfies n + 1 = exp.dimA < exp.dimF < 
rep. dim F by 4.5.1(3). 

(2) If : A — > F is a quasi-split morphism of artin algebras, then n—1 — wresol.dim(mod A) < 
wresol.dim(modF) < rep.dimF by 4.5.1(5). 

4.6.2 The concept of controlled wild algebras was introduced in [Han]. Any controlled 
wild algebra is wild, and Ringel conjectured that the converse holds. It is known that 
any wild hereditary algebra is controlled wild. 

Theorem If A is a controlled wild algebra, then \r\\ — oo. 

Proof For any artin algebra F, there exists M G mod A and an ideal / of EndA(M) 
such that EndA(M) = F © / [Han;2.3]. Considering the case F is the exterior alge- 
bra over n-dimcnsional vector space, we obtain n — 1 < wresol.dim(modEndA(M)) < 
exp.dimEndA(M) < taIM) < \rA\ by 4.6.1(2) and 4.5.1(2)(3). Thus |rA| = oo holds.l 

4.6.3 Corollary Let A be a finite dimensional hereditary algebra or a Bdckstrom 
order (4.4-^)- Then the value of\r\\ is given as follows. 



associated valued quiver 


Dynkin 


extended Dynkin 


else 




< 2 


3 


oo 



Proof For the hereditary case, the assertion follows from 4.1.2, 4.3 and 4.6.2. Thus 
4.2 and 4.4.3 shows the Backstrom case.l 

4.6.4 Question Does any wild algebra satify Ita] = oo? By 4.6.2, this is true if 
Ringel's conjecture is true. On the other hand, does any tame algebra satify Ita] < oo? 
Also, it is an interesting question whether any tame algebra satifies rep. dim A < 3 or 
not. These questions can be regarded as a part of the study of tame algebras in terms 
of endomorphism rings. 

4.7 Let A be an artin algebra or order and n > 0. We call A reflexive- finite if A 
has only finitely many indecomposable refiexive modules. Put Xn '■— addQ"(modA). 
Recall that X e mod A is called n-torsionfree if Ext\(TrX, A) = holds for any i 
(0 < i < n) [AB]. It is well-known that X is 1-torsionfree (resp. 2-torsionfree) if and only 
if it is torsionless (resp. reflexive). One can easily check that any n-tosionfrcc module 
is contained in 0"(modA). Conversely, it is known that Xn consists of n-torsionfree 
modules if A is an (n — l)-Gorenstein ring [AR3,4] [FGR], for example. 

4.7.1 Theorem Let A be an artin algebra or order, and n > 2. Assume that Xn has 
an additive generator M that is n-torsionfree. Then gA{M) < n and rA(A) < n hold. 

Proof Put F := EndA(M). For any X e modF, take a projective resolution P : ^ 

OPX — >■ Pn-i Pq ^ ^ 0. Then there exists a complex A : M„_i 

Mo is mod A in addA M and HomA(M, A) gives P. By A G add M, A is exact. Since each 

Mi is n-torionfree, there exists an exact sequence Mi Pi^ ■ ■ ■ —>■ Pi ^ which is 
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a left (pr A)-resolution. Thus we can consider the following commutative diagram. 



Mn-l - 


f 


* Mn-2 


I 




I 


Pn-1,0 - 




* Pn-2,0 


I 




I 


Pn-1,1 - 




* Pn-2,1 


I 




I 


I 




I 



*Ker/ V Mn-i — ^ Mn-2 > ►Mi v Mo 

I I 
— > >Pi,o >Po,o 

I 

> >PlA 



Pn-l,n-2- 
I 



Taking a mapping cone, wc obtain Ker/ £ Afn = addM. Thus we obtain fl'^X = 
HomA(M, Kcr /) G pr F and pdp X < nM 

4.7.2 Theorem (1) Let A be an artin algebra. Then r\{A) < 2 implies ind A2 < oo, 
and the converse holds if X2 consists of reflexive A-modules. In particular, if A is 1- 
Gorenstein, then rA(A) <2 if and only if A is reflexive-finite (4-V- 

(2) Let A he an order in a semisimple algebra. Then rx{K) < 2 if and only if 
exp.dim A <2 if and only if A is reflexive-finite. 

Proof (1) By 4.7.1, we only have to show the former assertion. Assume that F : = 
EndA(A©X) satisfies gl.dimF < 2. Then P := HomA(A©A:,A) satisfies Endr(P) = A, 
and P := Homr(P, ) : prF ^ mod A is full faithful. We only have to show P(prF) ^ 

O^(modA). For any projective resolution — > Q^X Pi ^ Pq ^ X ^ Q in mod A, 
there exists a morphism g : Qi ^ Qq in addr-P such that / = P^'. Since gl.dimF < 2, 
Ker 5f e pr F holds. Thus we have rt^X = P(Ker g) e P(pr F). 

(2) Since A is an order in semisimple algebra, A is 1-Gorenstein (e.g. 4.9) and X2 is 
the category of reflexive A-modules. By 4.7.1 and 4.5.1(3), we only have to show that 
exp.dim A < 2 implies that A2 has an additive generator. Assume that an order F and 
P e prF satisfy gl.dimF < 2 and Endr(P) = A. Assume that an idempotent e of F 
satisfies P e addr(Fe) and Jr(l - e) e prF. Then F' := eFe and P' := eP e prF' 
satisfy gl.dimF' < 2 and Endr'(P') = A by 3.2(3), so we can replace (F, P) by (F',P'). 
Repeating this procedure, we can assume that any simple F-modules S with pdp 5* < 1 is 
a factor module of P. Then it is easily checked that any X G mod F with Homr(P, X) = 
satisfies Ext}.(A:,F) = for i = 0, 1 by [I2;III.2.2.1]. Thus P := Homr(P, ) : prF ^ 
mod A is full faithful by [I6;2.2.1]. Now P(prF) D Q^(modA) follows from the argument 
in the proof of (l).l 

4.8 Let fin. dim A := supjpdX | X G mod A, pdX < 00} be the finitistic dimension 
of A [B]. The finitistic dimension conjecture (FDC) asserts that fin. dim A < 00 holds 
for any artin algebra A. We refer to [Z] for known results and the relationship to other 
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homological conjecture. Recently, Igusa-Todorov [IT] introduced a function i/^a and 
applied it to prove (FDC) for artin algebras with rep. dim A < 3. Their result is valid for 
much larger class of rings including orders. We shall give its proof for the completeness. 
We refer [EHIS] and [Xil,2] for approach to (FDC) using Igusa-Todorov's theorem. 

Theorem Leth. he an artin algebra or order, and Xn '■— add (mod A), //wresol.dim AW < 
1 holds for some n, then fin. dim A < oo. Thus rep. dim A < 3 (resp. rA(A) < 3, 
exp.dimA < 3) implies fin. dim A < oo. 

4.8.1 Lemma Let A he a noetherian ring such that mod A forms a Krull-Schmidt 
category and ExtA(Ar, Y) G modEndA(A") holds for any X,Y E mod A and i > 0. Then 
there exists a function ipA : mod A N>o with the following properties. 

(i) //pdX < oo, then iIja{X) = pdX. 

(a) addX C addy implies < i/j\{Y). 

(Hi) IfO^X^Y^Z^Ois exact with pd Z < oo, then pdZ < ijjx(X ®Y) + 1. 

Proof For X e mod A, put axii) := i + sup{pdF | Y G addfi^X, pdF < oo} G 
N>o. Then ax{0) < ^^(l) < ax(2) < ■ ■ ■ holds. We denote by Gx the free abelian group 
with the basis ind(addX)\ ind(pr A), which is a finite set since mod A is Krull-Schmidt. 
Then fl gives an element of End^(Gx)- Since Gx is a finitely generated Z-module, 
there exists m G N>o such that Q : 0,'^Gx Q"''^^Gx is an isomorphism for any n 
{n > m). We denote (Pa{X) the minimal value of m with this property. We shall show 
that ipA^X) := ax(0A(-^)) satisfies the desired properties. 

If pdX < oo, then 0a(^) = pdX and 0a(X) = ax(pdX) = pdX holds. If 
addX C addF, then Gx C Gy implies 0a(A:) < 0a(F) and ^a(^) = axiM^)) < 
aY{4>A{X)) < ay(0A(^)) = '0a(^)- We shall show (in). Considering the (pdZ)-th 
syzygies of the given exact sequences, we obtain QP'^^[X — Y) = in Gx^y- By the 
definition of e := 0a(^ © ^), we have Q'^{X — Y) = in Gxev- Thus the exact 

sequence of e-th syzygies has the form 0^W(BP—^WQ)P'—^ Q'^X for some 
W G mod A and P.P' G pr A. Then pdQ'^X < pdW^ + 1 holds. Cancelling the trivial 
direct summand of complexes, we can assume / G JmodA- Now we have a long exact 
sequence • • • ^ Ex.t\{n^X, ) Ext\{W, ) ^ Ext\{W, ) ^ Using Nakayama's 
lemma on EndA(VF)-modules, we obtain pdl^ < pdfl^X. Since 1^ is a direct summand 
of Q^y, wehavepdX-1 < e + pdQ^X-l < e + pdM^ < axey(e) ^iPa{X®Y) holds.! 

4.8.2 Proof of 4.8 By 4.5.1 (3) (4), we only have to show the former assertion. 
Let M G SOTa be in 4.5(2)(i). For any X G modA with pdX < oo, take an exact 
sequence O^Mi^Mq-^F^O with Mi G addM and n^'X G addF. Then 
pdX < pdY + n < ^a(Mi © Mq) + n + 1 = z/'a(M) + n + 1 holds by 4.8.1(n)(iii).l 

4.9 Let r be an order in a scmisimple algebra. Any X G lat A has a minimal relative- 
injective resolution — > F — /o(X) — /i(X) — > • • ■ with /^(X) G inF, which is a dual of 
a minimal projective resolution. In this case, Fujita [F] proved that a minimal injective 
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resolution of X is given hjO^X ^X(E)rK ^ Io{X)®r{K/R) h{X)®R{K/R) 
■ ■ ■. Putting X := T, we obtain that F is always 1-Gorenstein, and F is 2-Gorenstein if 
and only if 7o(r) G prF [PGR]. 

We denote by A(A) the set of Morita-equivalence classes of orders F in semisim- 
ple algebras such that F is 2-Gorenstein and Endr(/o(F))°^ is Morita-equivalent to A. 
The theorem below shows that our definition of rep. dim A given in 4.1 is surely one- 
dimensional analogy of the representation dimension of artin algebras defined in [Al]. 

Theorem Let A be an order in a semisimple algebra. Then A(A) = {EndA(M) | M e 
lat A, A © DA e addM} holds. Thus rep.dim A = inffgl.dimP | P e A(A)} holds. 

Proof For M e lat A with A © DA e addM, we will show F := EndA(M) e A(A). 
Put li :— Ii{M). Then add/o = inA holds by DA e addM. We have an exact sequence 

— > P — > HomA(M, 7o) — HomA(M, /i) of P- modules such that / is in Jiatr- Since 
HomA(M, DA) = DM = D HomA(A, M) e in P holds by A e add M, we obtain 7o(r) = 
HomA(M, Jo). Since HomA(A7, /q) G prP holds by DA e addM, F is 2-Gorenstein. 
Moreover, Endr(/o(F)) = EndA(/o) is Morita-equivalent to End/^{DA) = A°p. 

Conversely, take F G A(A). We can assume A = Endr(/o(F))°^ = Endrop{DIo{T)). 
Then M := DIo{r) e lat A is a projective-injective P°^'-module. Thus DA^D Endrop(M) e 
addA D Homrcp(M, DT) = addA M and A = Endrcp(M) e addA Homrop(P, M) = addA M 
holds. We obtain A® DA E addA M. Put P := Homrop(M, F) G prP. It is easily 
checked that any X G modP with Homr(P, X) = satisfies Extp(X, F) = for i = 0,1 
by [I2;IIL2.2.1]. Thus the functor Homr(P, ) : pr F ^ mod A is full faithful by [I6;2.2.1], 
and P = Endr(F) = EndA(Homr(P, F)) = EndA(M) holds.l 

5 Auslander-Reiten theory and Finite equivalence 

Throughtout this section, let A be an artin algebra or order in a semisimple algebra, 
and TIa the category in 0.1. 

5.1 To study the factor categories of TIa, it is convenient to introduce the concept 
of r-categories [12]. Recall that a KruU-Schmidt category C is called a t -category if the 
following conditions are satisfied. 

(i) Any X G indC has a complex {X]q := {t^X — >■ O'^X — >■ X) in C such that 
C( ,T^Ar) C{ ~^ )-^) ~^ gives a first two terms of a minimal projective 
resolution in modC. If t^X ^ 0, then C(X, ) C{O^X, ) Jc{t^X, ) ^ is exact. 

(ii) Any X G indC has a complex [X)c := {X 6^X — > TqX) in C such that 
C{t^X, ) — > C{O^X, ) — > Jc{X, ) — > gives a first two terms of a minimal projective 
resolution in modC"^. If r^X ^ 0, then C{,X) ^C{, O^X) Jd , r^X) ^ is exact. 

Put ind^ c := {X e indC | r+X = 0} and ind^ C := {X G indC | r^X = 0}. Then 
gives a bijection between indC \ ind^ C — indC \ ind^ C with the inverse [I2;I.2.3]. 
For any X G indC\ind^C, the complexes {X]c and [t^X)c are isomorphic. 

5.1.1 Example [I2;I.2.2](1) Let A be an artin algebra or order in a semisimple 
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algebra. Then $Ha forms a r-category by Auslander-Reiten theory (5.2.2). 

(2) Let Q be a translation quiver. Then the mesh category of Q forms a r-category. 

5.1.2 Let C and C' be r-categories and F : C — ^ C' an equivalence of categories. Then 
F induces bijections ind^ C ind^ C' and ind]" C ind]" C' ■ Moreover, t^,o¥X — ¥ot^X 
holds for any X e indC \ ind^ C- 

Proof Since ind^ and indj^ are defined categoircally, the former assertion follows. 
Similarly, the complex t^X — > 9'^X — > X is preserved by F.I 

5.1.3 Proposition [I2;n.l.4] Let C be a r-category and C' a subcategory of C- Then 

C '■= C /[C'] forms a r-category again. We regard indC as a disjoint union ofindC' and 
ind(C /[C]). We denote by { ) : C C the natural functor. Let X G indC\indC'- 

(1) {X]c = {0 -^0 ^ X) if e+X e C', and {X]^ = {X]c othewise. Dually, [X)^ = 
(X ^ ^ 0) i/ e^X e C', and [X)^ = pOc otherwise. 

(2) X is contained in ind]~ C if and only if either r^X e C' or d^X e C' holds. Hence 
indi C is a disjoint union of three subsets indj" C \ ind C', T(t(indC' \ ind^ C)\ indC' and 
s^,{C) := {X e indC\indC' | 9c X E C', r'X ^ C'}. 

(3) X is contained in ind^C if and only if either r^X G C' ord^X G C' holds. Hence 
'm.di C is a disjoint union of three subsets ind^C\indC', rJ'(indC' \ ind^ C)\ indC' and 
sC\c) := {X G indC\indC' | 9^X G C', r+X ^ C'}. 

5.2 Auslander-Reiten theory 

We recall well-known results in Auslander-Reiten theory [ARS]. We call Ma '■— 
3JlA/[pr A] the stable category of A, and TIa '■= SDTA/[inA] the costable category of A. In 
both cases of artin algebras and orders, we have an equivalence r^ : Ma called the 

Auslander translate. It induces a bijection ind97lA\ ind(pr A) ind9JlA\ ind(in A). The 
existence of a functorial isomorphism DMj^{X,Y) — > Ext\(Y,r^X) for any X,Y E Ma 
called Auslander-Reiten isomorphism is one of the most important theorem in the rep- 
resentation theory. This immediately implies the following existence theorem of almost 
split sequences. 

5.2.1 Theorem Let A be an artin algebra or order in a semisimple algebra. For 
any X G ind$HA\ ind(pr A), there exists an exact sequence — > r^X ^ X ^ 
such that 9JIa( , i"a ^ 9^a( , ^a-^) ^ -^9jIa( ,X) ^ and ^ Ma{X, ) 
MAiOXX, ) J^^{rXX, ) ^ are exact. 

5.2.2 Consequently, Ma forms a r-category with indj^ Ma = ind(pr A) and ind^ Ma — 
ind(inA). In fact, for any P G ind(pr A) and / G ind(inA), the sequence JaX — > 
X and X — > D{{DX)Ja) — > induces isomorphisms Ma{ , JaX) — > J^mAi ^X) and 
Ma{D{{DX)Ja), ) ^ JmAX, ) on Ma- 

5.3 Relative homology 

Let us recall relative homology theory of Auslander-Solberg [ASo]. There exists 
a bijection between functorially finite subcategories X of Ma such that A G A" and 
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functorially finite subcategories 3^ of Ma sucli tliat DA G 3^, wliere tlie correspondense is 
given by ind3^\ind(inA) = (ind A" \ ind(pr A)). In tlie rest, fix sucli a pair {X,y) and 
put 9^a/[A'] and Ma := 3nA/[3^]. Then the Auslander translate still induces 

equivalences Ma and X /[pr A] ^ y /[in A]. 

We denote by DJl,^(X, Y) the set of morphisms in M y For X, Z G Ma. we denote by 
Fx{X, Z) (resp. F^(X, Z)) the subset of Exti(X, Z) consisting ofO^Z^F-^X^O 
such that Ma{ ,Y) Ma{ ,X) ^ is exact on X (resp. Ma{Y, ) Ma{Z, ) ^ is 
exact on y). Then the Auslander- Reiten isomorphism implies that = holds, and 
Fx gives an additive subfunctor of Extj^( , ). Put Ext^^(X, Z) := F^i^^'^^X, Z) , where 
f^;^' is defined in 1 . 1 . A main theorem in [ASo] is the relative version below of Auslander- 
Reiten isomorphism. This immediately implies that indecomposable projective objects 
in mod^A ^'^'^ Ma( j-^) fo'^ ^ ^ ind$HA\ ind A', and indecomposable injective objects 
in modM^ are ,X) for X G ind9JlA\ind3^. 

5.3.1 Theorem There exists a functorial isomorphism i^M^l^, ^) ^xO^i'T'I^) 
for any X,Y ^Ma- 

5.3.2 Theorem Let M G modM^. We denote by ^ MAi , Z) ^ Ma{ ,Y) ^ 
Ma{ ,X) ^ M ^ the minimal projective resolution of M in modaJlA- 

(1) A projective resolution of M in mod Myy is given by the sequence below, where the 

first two terms , Y) , X) ^ M ^ is minimal. 

. , n%x) ^ , n;,z) ^ , n^Y) ^ MAi , ^xX) ^ 

(2) An injective resolution of M in modM^ is given by sequence below, where the 
first two terms ^ M ^ Ext];.^ { , Z) ^ Ext].^ { ,Y) is minimal. 

^ M ^ Ext]._^( , Z) ^ Ext^^( , Y) ^ Ext^^( , X) 

^ Ext^^( , Z) ^ Ext^^( , Y) ^ Ext|,^( , X) ^ Ext^^( , Z) ^ • • • 

Proof (1) was proved in 1.1.3 except the minimality, which follows from the fact 
that / and g are in Jota- (2) is the Matlis dual of (1) by 5.3.1.1 

5.4 We again fix a pair {X, y) of subcategories of Ma as in 5.3. 

(1) Sx{Ma) = {X G ind97lA\(indA'Uind3;) | 9lX & X] = s^(artA) = {X G 
ind9JlA\(ind A' Uind^^) | 9\X G y} holds, where we use the notations in 5.1.3. 

(2) ind^M^ = (ind 3^ \ ind A") U Sx{Ma) and ind^"MA = (ind A" \ ind 3^) U Sx{Ma) 
hold by 5.1.3. In particular, putting s^iMA) indA'Uind3^Us;t^(9JlA), we obtain 
M^/[indr^] = MA/[sx{p}lA)]^W.A/[viidtW.A]. 

5.4.1 Proposition Let C and C' be finite subcategories of Ma such that X C' Q 
CQC' + add Sx{Ma) . Then C-resol.dim Ma < C'-resol.dim Ma. 
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Proof We shall use the induction on C-resol.dimX. We can assume X G ind97lA\ indC- 
Since A G A", a right C'-approximation of X gives an exact sequence — > fi^'X —>■ 
Y ^ X ^ 0. Since any a G dJt\{Z,X) with Z G indC\indC' factors throught 
g : Z ^ O'^Z hy X ^ C: there exists a' such that a — go!. Since OJ^Z G X holds 
by Z G Sxi^h), there exists a" such that a! = a"f. Thus a = {ga")f holds. This 
implies that / is a right C-approximation of X. Thus the inductive assumption shows 
C-resol.dimX = C-resol.dimil^/X +1 < C'-resol.dimfi^/X +1 = C'-rcsol.dimX.I 

5.5 Let us state the main theorem in this section. Let A and F be artin algebras or 
orders in semisimple algebras, {X, y) and {X', y') pairs of finite subcategories of M\ and 
9Jlr respectively satisfying the same condition in 5.3. Put Sx{TIa) ind X U ind y \Jsx{^a) 
and (SDTr) ind A''Uind3^'Us_:t.'(9Jlr), which are finite sets. 

Theorem Let F : := aJlA/iA"] ■= ^r/[X'] be an equivalence of categories. 

(1) ¥ induces a bijection mdM\\s;i^{D}lA) — > ind£DTr\s;t"(^r)- 

(2) Let C and C' be finite subcategories of M/y and Tlr respectively such that X C 
C, X' C C' and F(indC \ ind Af) = indC' \ ind Af'. Then Sx{TIiC) G C if and only if 
SA"(9^r) C C'- In this case, g^iC) = fi'r(C') and rA(C) = rr(C') hold. 

5.5.1 G := Tjf o F o gives an equivalence Ma := TlA/[y] Mr := Tlr/[y']. 
Thus we have bijections F : ind9JlA\ind A" ind9Jtr\ ind A' and G : inda)TA\ind^ 
ind9Jlr\ind>''. Define a subfunctor F^' of Extr( , ) by 5.3. 

(1) The induced equivalence F : mod^A ~^ mod Mr satisfies F^^( ,X)— ,¥X) 
and FFy( ,X) = F^'i ,GX). 

(2) The following diagram is commutative, where the horizontal equivalences are 
induced by 5.1.2 and the vertical identities are given by 5.4(2). 



Proof (1) fF;,( ,X) = w{D^^{t],X, )) = Dm^{¥oT],X, ) = FA ,GX) by 5.3.1. 
(2) Since <GX = o f o Ta AT = FAT holds for any X G indMA\ ^^"^i Ma ^-^-^ ^^"^ 
5.1.3(1), the commutativity foUows.l 

5.5.2 We denote by ^ , Z) , Y) , X) ^ M ^ the minimal 

projective resolution of M G mod^^ in modOJlA, and by ^ 9Jtr( , Z') 9Jtr( , Y') — > 
9Kr( , X') FM the minimal projective resolution of FM G modMp in mod9Jlr. 

(1) X and X' has no direct summand in ind A and ind A"' respectively, and ¥X — X' . 

(2) gF = Y' holds in Mr, and WY_ = F' holds in Mr- 



Ma/Mi Ma] 
Ma/M+Ma] 



F 



^Mr/[indrMr] 
2Jtr/[s;t'(artr)] 
^Mr/[ind^Mr] 



G 
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(3) Z and Z' has no direct summand in mAy and ind^' respectively, and = Z' . 

Proof By 5.3.2, a minimal projective resolution and a minimal injective resolution 
of M in modM^ are given by , Y) , Z) ^ M ^ and ^ M ^ F^i, , X) 

Fx{,Y). Similarly, those of FM in modMp is given by Mr( , ^ Mr( , ^ ^ 
and ^ FM ^ F;^.( , X') ^ Fx'{ , Y'). Thus the assertion follows from 5.5.1(l).l 

5.5.3 Proof of 5.5 (1) and the former assertion of (2) follow from 5.5.1(2). We 
will show the latter assertion of (2). By 4.1.2, we only have to show C-resol.dimX > 
C'-resol.dim FX inductively. We can assume X e ind£!JtA\ indC- Take an exact sequence 

O^Z^y^X^O such that / is a minimal right C-approximation of X. Then 
— >■ SUIa( , Z) — > '^tX 1 ^) ~^ ^a( ) M ^ gives a minimal projective resolution 

of M G modM^ in mod$HA. Now take a minimal projective resolution 9Jlr( , Z'^ 

mtr( ,Y') A m.Y{ ,X') FM of FM G modMp in modaJlp, which is induced by 

an exact sequence ^ Z' F' 4 X' ^ 0. Then X' = ¥X,Yi = ¥Y_ and Z' = <GZ 
hold by 5.5.2. Thus Y' G C' holds. Since FM = holds on indC' = F(indC \ind A") U 
ind A"', /' is a right C'-approximation of X' = FX. By 5.5.1(2), Z' = G,Z coincides with 
FZ up to a direct sum of modules in Sx'i^v) C C' ■ Thus the inductive assumption 
shows C-resol.dimX = C-resol.dimZ+1 > C'-resol.dimFZ+l = C'-resol.dimZ'+l > 
C'-resol.dim FX.I 

5.6 Proof of 4.2 (1) Obviously we can assume A G A" and V G X' ■ Since Sx{^k) 
and Sx'i^v) are finite sets, |rA| = |rr| follows immediately from 5.5(2). 

(2) We shall apply 5.5 to the case A' = pr A, 3^ = in A, A"' = pr F and y' = in F. Thus 
Sx{^a) = ind(prA)Uind(inA)Us;t'(9«A) ands^'i^r) = ind(pr F) Uind(inF) Us;i'/(97lr). 
Take a finite subcategory C of 9JIa such that A ® DA G C and rep.dim A = fi'A(C)- By 
5.4.1, wc can assume s^(9JIa) C C- Define the corresponding finite subcategory C' of Mr 
by 5.5. Since F©DF G adds^/(9Jlr) C C' holds, we obtain rep.dim F < gr{C') = fl'A(C) = 
rep.dim A. Exchanging A and F, we obtain rep.dim A = rep.dim F.I 
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